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T H E  

A study is made of the stability, with respec t  to the spontaneous appearance of modulation, 
of steady periodic waves of small  amplitude on the surface  of an ideal liquid depth. The 
well-known instability of waves on the surface of a liquid of infinite depth d isappears  on 
making the transi t ion to small  depths. 

As is well known, nonlinear steady waves on the surface  of a liquid are  unstable [1, 4]. The insta-  
bility increment  describing the rate  of growth of waves on the surface of a liquid of infinite depth is ob- 
tained in its most  general  fo rm in [1]. The case of infinite depth is analyzed in detail in [2], where inter 
alia capi l lary effects are  taken into account. The instability of waves on the surface  of a liquid of finite 
depth is examined in [3, 4], although the analysis is r e s t r i c t ed  to the one-dimensional  problem where the 
wave vectors  of the per turbat ions are  parallel  to the wave vector  of the initial wave. In the present  ar t ic le  
we discuss the instability of waves on the surface of a liquid of finite depth for an a rb i t r a ry  direction of 
perturbation wave vector .  We assume,  however,  that the wave vectors  of the perturbat ions are  sufficient-  
ly close to the wave vector  of the initial wave that the instability- can be represented  as a spontaneous 
growth of modulation on a background of the initial wave. Such "modulation" instabil i t ies are  known for  
waves in a nonlinear  dielectr ic  [5]. 

We consider  the potential flow of an ideal liquid of a rb i t r a ry  depth in a uniform gravitat ional  field. 
The coordinate sys tem is chosen so that, in its unperturbed state,  the surface  of the liquid lies in the xy 
plane. The x axis points out of the liquid. All vector  quantities re la te  to two-dimensional  vec tors  in the 
xy plane. 

Let ~(r, t) denote the shape of the liquid surface  and 4~(r, z, t) the hydrodynamic potential. The flow 
of the liquid is descr ibed by Laplac&s equation with two boundary conditions at the surface and one at the 
bottom: 

A r  + ~ = 0 ( 1 )  

- ~  aT  iz=~ = V~Vq) 

0~ ( r e )  ~ i (0q) ~l 
o-v + gq = - " - - v -  ~,:~ - ~ ~ )  Iz=~ (3)  

0q) (4) ~z z=-h = 0  

The total energy of the liquid is given by 

- h  

We define 

(r, t) = 0 ( ~ ,  z, t)[z=~ 
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By v i r t ue  of  the un iqueness  of  the  solut ion of  the  boundary" p r o b l e m  fo r  Lap lace t s  equat ion,  the flow of 
the l iquid is  comple t e ly  d e t e r m i n e d  when ~ and ff~ a r e  ass igned .  

Utilizing the  f o r m u l a  

we obtain f r o m  Eq. (3) 

at }" gq = --  ~ ~ ~, Oz / /*=~ ~=~ 

As shown in [2], ~ and ~!, a r e  canonica l  v a r i a b l e s ,  the  ene rgy  E is  the  Hamil tonian  of the  s y s t e m ,  and 
Eqs.  (2), (6) a r e  Hamil ton*s equat ions .  

We shal l  now p r o c e e d  to so lve  the  boundary  p r o b l e m  fo r  Lap l ace t s  equat ion.  F i r s t  of  all ,  we c a r r y  
out a F o u r i e r  t r a n s f o r m a t i o n  with r e s p e c t  to  the  coo rd ina t e s  x and y 

t ~ ~F (r) e-i~rdr (k) = ~-.~ ~ (~) e - ' ~ ,  �9 (k)  = J 

The  g e n e r a l  solut ion of  Laplace*s  equation in which the boundary  condit ion at the  bo t tom has  been 
taken  into account  i s  g iven by 

(k, z) = A (k)el~lz [l + e-~tkl(z+h)l (7) 

In the  subsequen t  d i scuss ion  we sha l l  s eek  a solut ion in the f o r m  of a s e r i e s  in powers  of  ~, r e s t r i c t -  
ing o u r s e l v e s  to t e r m s  of  o r d e r  not  h ighe r  than ~72. R e m e m b e r i n g  tha t  

(I) (k, z)Jz=~ = ~ ( k )  

and expanding the  exponent ia l  as  a s e r i e s ,  we obtain 

(k, ~) = ch lchjklkl( z +h h) l "T" (k) -~- i ~" (kl) ~l (k~) l k~ ! thlk~ I h5 (k 
t 

- - k l -  k~)dktdko-  T I [1 k - - k a  [th I k - -  k3lh + [ k - -  k2 [ t h l k - -  k~lh (8) 

- -  i k l  th ] k ih] i k~ l "F (kl) ~ (k~) ~ (ku) ~ (k - -  kx - -  k2 - -  k~) dk~dk~dka} 
P e r f o r m i n g  a canonica l  t r a n s f o r m a t i o n  to the c o m p l e x - v a r i a b l e  a(k)-ampl i tudes  of t r ave l l i ng  waves  

th rough  the  f o r m u l a s  

~l (k) = ~:i- ~o (k) ~ ~ (-- k)] 
(9) 

(k) = ~ (~ (k) IV ~ 
V~-(t~ It'/ t ih-~ [ a (k ) - -~  (-- k)] 

we obtain the  Hami l ton ian  in the f o r m  

H = f o ( k ) ,  (k) ~ (k) dk + I V  (k. k .  k~) [~ ( k ) .  (k~),(k~) + a (k) ~ (k0  

• a (k~)] 6 (k --  k~ --  k:) dkdk~dk~ -4- ~/31 U (k, k~, k~) [a (k) a (kl) a (k~) 
(10) 

~ ~ (k) ~ (k~) ~ (k~)] 5 (k 4 k~ +- k~.) dkdkldkz -t- ~/~ f W  (k, kt, k~, k~) 
>~ 5 (k) 5 (kl) a (k~) a (ka) 6 (k + k~ --  k~ --  ka) dkdk~dk~dka 

Here  r = 4g  ~k [ th [k [h is the d i spe r s ion  law fo r  g rav i t a t iona l  waves .  The  e x p r e s s i o n s  fo r  the func-  
t ions  V(k, k 1, k2), U(k, kt ,  k 2) and W(k, k~, k 2, k 3) a r e  c u m b e r s o m e  and will not  be  r e p r o d u c e d  h e r e .  

The  equat ions  of mot ion  a r e  obta ined by va r i a t ion  of  the Hamil tonian  in a c c o r d a n c e  with the laws 

Th i s  g ives  f o r  a(k) 

0a (k) ~ i 5H a~ (k) . 5H 
" a t  = 6 d ( k )  ' O ~  = t, 5a(k--"-'~ ( 1 1 )  

Oaat(k) ..~ i(0 (k) a (k) = - -  i l tV (k, kt, k~) a (kl) a (k~) 6 (k - -  kt --k~) 
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+ 2V (kx, k k~) a (k~) 5 (kl) 5 (k - -  k~ 4- k~) + U (k, kl, k~) ~ (k~) ~ (k~) 

• 5 (k + k~ + k~)} dkxdk~ -- i I W (k, k~, k2, ka) g (k~) a (k~) a (k~) 

• 5 (k + k~ - -  k~ - -  k~)dk~dkv/k~ 
(12) 

Let  the  pe r iod  of the  s t eady  wave be L = 2~/k 0. I t s  ma in  h a r m o n i c  is then AS(k - k0). Nonl inear  in- 
t e r ac t i on  l eads  to the a p p e a r a n c e  of  z e ro th  and second  h a r m o n i c s .  A s s u m i n g  that  the wave is weakly m o d -  
u la ted  as a r e s u l t  of  ins tabi l i ty ,  we wr i te  the  function a(k) in the f o r m  

a (k) ~- b (k) + ax (k) + a~ (k) (13) 

where  b(k), al(k), a2(k) a r e  c o n c e n t r a t e d  r e s p e c t i v e l y  n e a r  k = 0, k = k  0 and k = 2k 0. 

The  fol lowing condi t ions  hold fo r  the weak non l inea r i ty  under  inves t iga t ion :  

a2 ( k ) ~ a ~  (k), b ( k ) ~ a x ( k )  

Th i s  g ives  for  az(k) when (13) is i n s e r t e d  into equat ion of mot ion (12): 

oa~ (k) I ~ ~- io)(k)a~(k)-=--i V(k, kx, k--kl)a~(k)ax(k--kx)dk~ (14) 

o r ,  a s s u m i n g  a suf f ic ien t ly  n a r r o w  wave packet ,  

y (2k0, ko, ko) Iax  (kx) a~ (k --  k~) dkx 
a~ (k) ---- ~ (Zko) -- zoo (ko) 

Le t  us i n s e r t  (13) into Hami l ton ian  (10), e x p r e s s i n g  ax(k) by f o r m u l a  (15). 
in the  Hami l ton ian  only those  t e r m s  which contain  at(k) in the f o r m  of the p roduc t  at(k)al(k), s ince  the  c o n -  
t r ibu t ion  f r o m  o the r  t e r m s  will be sma l l .  

(15) 

Further, we shall retain 

The  resulting s impl i f i ed  Hami l ton ian  has the  f o r m  

H - =  ~ r  f/(k)[b(k)a(k~)d(k~) 

+ b (k) d (k~) a (k~)] 6 (k -~- k~ --  k2) dkdk~dk~ + ~ i ~  (k) g (k~) a (k~) a (ka) 

• 5 (k ~ kl --  k~ --  k3i dkdkxdk~dk3 

(16) 

where  we have  d ropped  the index 1 in al(k). H e r e  

V2(2ko, ko, ko) U~( - 2ko. ko, ko) (17) 
= W (2ko, ko, ko, ko) --  2 ~ (~o) -- 2o) (ko) - -  2 o) (2ko) + ~r (ko) 

] ( k ) =  2V (k, ko, ko) (18) 

Hami l ton ian  (16) c o r r e s p o n d s  to the equat ions  of mot ion  

aa (k) I 0t + ir (k) a (k) ---- - -  ~ [] (kl) b (kl) -{- f ( - -  k~) b ( - -  kt)l a (k~) b (k (19) 

i~. ! g (kl) a (k2~a (ks) 5 (k -4- kl --  k2 - -  ks) dkldk~dks kl k~) dkldk~ 

~b (k) f at + io) (k) b (k) = - -  t/(k) a (kx) a (k2) 5 (k -+. kl - k2) dkldk~ (20) 

If f ( 0 )  = 0, s y s t e m  (19), (20) has the exact  solut ion 

b (k) =- O, a0 (k) = Ae-** [~ (~,),x [A[ 2] ~ (k - -  k0) (21) 

which r e p r e s e n t s  a m o n o c h r o m a t i c  wave with a f r e q u e n c y  which depends  on its ampl i tude .  

We now inves t iga te  the  s tabi l i ty  of  solut ion (21) with r e s p e c t  to s m a l l  p e r t u r b a t i o n s  of  the f o r m  

~a (k) = ao (k) + cr (k) e ~~ (k --  ko - -  ~) + ~ (k) e -~~ ~ (k ~ k0 + z) (22) 

b (k) = ~ (k) e -int + ~ (k) e iu* 
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Any pe r tu rba t ion  can be r e p r e s e n t e d  as a supe rpos i t i on  of  pe r tu rba t i ons  (22). 

The  fol lowing f o u r t h - o r d e r  d i spe r s ion  equation is obta ined on in se r t i ng  (22) into the equat ions  of m o -  
t ion (9) and (20): 

( ~  - o)~ (~:)) ( -  ~ + 0) (1% + x )  - 0) (1% - :r 

• (~ -}- o~ (1% - -  ~) - -  0) (ko)) -k- a~ (0) (1% + ~) -}- co (1% --  ~:) --. 20) (1%)) (23) 

x [/~(~) (o + ~ (~)) + / ~  ( -  ~) (~ (~) - ~ )  + ~ (o ~ - ~ (~))l = 0 

Since the  s p e c t r u m  of g rav i t a t i ona l  waves  does  not  coUapse  [6], one would expect  an ins tabi l i ty  to 
deve lop  when the wave v e c t o r s  sa t i s fy  (see [1]) 

0) (1% + u) -}- ~o (ko - -  u) = 20) (1%) (24) 

The  wave v e c t o r s  l ie  n e a r  the s u r f a c e :  

0)(1% + :r - -  0) (ko) = (o (1%) - -  0) (1% --  :~) ----- 9o 

In the  e a s e  under  inves t iga t ion  l~t [ << k 0 we can  put 12 = ~20 + 512. We then have,  c o r r e c t  to s econd  
o r d e r  t e r m s  in 6~2, 

(6~)~ - -  (Lug) ~ - -  2A~u~LG = 0 (25) 

H e r e  

G = ~ /~ (u) ]~ ( -  u) (26) 
o) (x) - -  ~ o  (o (u) + ~0 

i 0~(0 (k) 
L ---- ~ k~ka OkaOk ~ 

The  ins tab i l i ty  i n c r e m e n t  is then given by 

~7 =_ ]/'2A~c~LG -}- ( L~-) ~ 

In this  m a n n e r ,  we have  a condi t ion fo r  s tab i l i ty  at  sma l l  [~ [, n a m e l y ,  LG > 0. 

The  funct ions  L and G have  the fol lowing f o r m  in the p r e s e n t  c a s e :  

--  ~-'~7") sm t,} L =  ]fg-h ~r 2x [ t - - x t h x )  ~ ( t h x  +-~2-1"~tcos'~0 + ( t h x +  x . ~- 
2ko ~ f x - ~  ~L c- 'u~ cn x ]. j 

G = - - ~  t-ff~x( 1 + th~x)- -  2c~  x(l--~eos0) 

+ t-ff~ (t + th2 x) + 2e~ z (t +acos0) + 4 ( t h x - - 2 t h 2 x t h x )  

-~. T [ V/ - - i - f f - f  ( x -~- th~ x) + 4 ( th x th 2x - -  l ) ] ~ t h 2 z _ z t h x  i 

H e r e  ( x) 1 t h x + c  ~ , x--: koh 

If  x is  no t  too  sma l l ,  

L ~.~ 11: ko-i V~- ~ ] f ~  ( l  ."  a[~ cos ~ O) 
G > O  

(27) 

(2s) 

(29) 

( 3 0 )  

( 3 1 )  

Evident ly ,  the ins tab i l i ty  i n c r e m e n t  is at  i ts  g r e a t e s t  when 0 = 0, and the  ins tabi l i ty  deve lops  fo r  an-  
g les  l e s s  than a c r i t i c a l  va lue .  

( 3 2 )  

F o r  x << 1 

X ~ 

L ~ ~ o h  (sin'20 - -  x'~ cos~ 0) 
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In this case ,  evidently,  the instabi l i ty  cannot develop at l a rge  angles .  F o r  sma l l  angles 

G - -  ( 0  2 - x ~ ) ,  L - -  ( 0  ~ - -  x ~) 

i.eo, LG ~ (0 2 - x 2) is always g r e a t e r  than zero .  In this manner ,  in the f i r s t  o rde r  in x, waves on the s u r -  
face of a liquid of sma l l  depth a r e  s table .  Invest igat ion of the s tabi l i ty  in the next  o rde r  in x r e q u i r e s  a 
m o r e  exact  theory .  
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