
K O R T E W E G - D E  V R 1 E S  E Q U A T I O N :  A C O M P L E T E L Y  

I N T E G R A B L E  H A M I L T O N I A N  S Y S T E M  

V .  E .  Z a k h a r o v  a n d  L .  D .  F a d d e e v  

The Kor teweg-de  Vr ies  equation (KdV) a r o s e  long ago in an approx imate  theory  of hydrodynami  c 
waves ,  

ut--6uu~ '~tLxxx=O; u ( r . t )  lt=o--=u(x); - - ~ < x < ~ ;  u(x).--->O, I x l - - ~  (1) 

recent ly  it  has  become  the object  of intensive study [1-3, 12]. A group of s cho la r s ,  including Gardne r ,  
Green,  Zabusky,  Kruskal ,  and Miura,  has  made the following two impor tan t  observa t ions :  

1. Equation (1) with smooth initial data admits  an infinite se t  of f i r s t  in tegra l s .  These  in tegra ls  
co 

have local dens i t ies ,  i . e . ,  they a re  r ep resen tab le  in the fo rm In [u] ----- S Pn (u, u . . . . .  )dx ,  where  Pn(U, u x . . . .  ) 

is a polynomial  in u and spat ia l  de r iva t ives  of u with o r d e r s  up to n - 2 ,  which contains the t e r m  un. The 
f i r s t  three  such polynomials  have the f o r m  Pt(u) -- u, P2(u) = u 2, P3(u, u x) = u 3 + (u~/2) .  An explicit  f o r m  
for  e leven of the Pn is given in [2, 3]; in [3] an explicit  p rocedure  fo r  de termining  them is given. An a l t e r -  
nate approach for  de te rmin ing  the Pn(U, Ux . . . .  ) has  been  developed by Lax [4]. 

2. An explici t  solution of the KdV equation can be obtained by using the f o r m a l i s m  of a sca t t e r ing  
p rob l em for  the Schroedinger  equation, 

- -  ~ x  + u ( x ) ,  = k 2 , .  (2) 

We clar i fy  this in m o r e  detail .  If  
z¢  

J (1 q - l x ] ) l u ( x ) } d x < ~  , (3) 
- - o c  

then Eq. (2) has  a twO-fold posi t ive continuous spec t rum and a finite number  of negative cha rac t e r i s t i c  
values  - x ~ ,  I = 1 , . . . ,  n. Fo r  proof ,  see ,  for  example,  [51. Let  r(k) be the coeff icient  of ref lec t ion on the 
left ,  i .e . ,  a function involving the solution ~(x, 10 of Eq. (2) in the asympto t i es  fo r  x ~ -~o, this function b e -  
ing uniquely defined by the conditions 

~(x,  k) = eikX + r(k)e-~k~ + o(1), x---, -- c¢; , ( x ,  k) = t (k)eik~ -ff o(1), x--+ o¢. (4) 

Fur the r  let ~l (x) be the c h a r a c t e r i s t i c  functions of  the d i sc re t e  s p e c t r u m ,  normal ized  by  the condition 

¢l (x) = eXlX (1 + o(1)), x ~ - ~ ,  and cl ,  I : 1 . . . . .  m,  the cor responding  normal iz ing  f ac to r s  being c I = ( 
\ - 1  - - ~ ¢  

\ 

,~ (x) dxi . The set  s = (r(k), u l ,  c/) will be called the sca t t e r ing  data fo r 'Eq .  (2). The mapping u(x) ~ s 
/ 

of potentials  u(x) into the sca t t e r ing  data s is uniquely inver t ib le .  The cor responding  p rocedure  for  r e -  
cover ing  u(x) f r o m  s ,  which is the inverse  sca t t e r ing  p rob l em,  was formula ted  for  the f i r s t  t ime in ]6] and 
invest igated r igorous ly  in [5]. In [51 n e c e s s a r y  and sufficient  conditions on the sca t t e r ing  data,  c o r r e s p o n d -  
ing to potentials  sa t i s fying condition (3), were  obtained. 

The r e m a r k a b l e  r e su l t  given in [1] consis ts  in the following. In the se t  of s ca t t e r ing  data we cons ider  
the act ion of the o n e - p a r a m e t e r  group 
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~t r(k)---.e"i~tr(k), ×l---~×t, ct-+e ct. (5) 

It proves  to be the case that the corresponding motion in the set of potentials u(x) ~ u ( x ,  t) determines the 
solution u(x, t) of the KdV equation. 

In the present  paper  we give a new interpretat ion of this resul t  and a new derivation based on it. 
This interpretat ion provides,  in our opinion, a simple explanation of the somewhat puzzling conclusions 
given in [2]° 

Our interpretat ion may be formulated in the following way. The KdV equation is a completely inte- 
grable Hamiltonian sys tem.  The mapping u ~ s plays the role of a t ransformat ion,  t ransforming the va r i -  
ables u(x) into canonical var iables  of the type involving angle and action variables  (see, for example [7]). 

In o rde r  to justify these asser t ions  we must:  

1) p roducea  simplicial  form f~ on the set of potentials u(x) and a Hamiltonian function H[u] on this 
set ,  which generate the KdV equation according to the rules of Hamiltonian mechanics (see [8], for  example); 

2) calculate the pre images  of the form I2 and the Hamiltonian H[u] under the mapping u --- s and ex-  
p r e s s  the canonical variables  in the act ion-angle form in t e rms  of the scat ter ing data. 

The f irs t  problem is eas i ly  solved. It is not hard to see that the KdV equation may be writ ten in the 
form 

d Dis [u] (6) 
u t -  clx ()u(x) ' 

where the symbol 6H[u]/6u (x) denotes the gradient (Frechet  derivative) of the function H[u]. It was pointed 
out in [4] that this result  is due to Gardner .  

The notation (6) for the KdV equation is c l e a r l y  Hamiltonian. The corresponding simplicial  form 

-O-(6au, 62u)= dx ~ dyl~au(x) 6~u(y)--81u(y)8~u(x)l (7) 

has constant coefficients in the variables u and is therefore  closed. We are  using here  the older  but more  
natural  and, for our  infinite dimensional case,  more suitable coordinate notation for a differential form in 
t e rms  of the "local coordinates"  u(x) and their  differentials,  the variat ions 61u(x) and ~2u(x). The role of 
the Hamiltonian H[u] is played by the integral  of motion 

H[u]=I~[u l=  i (uS(x)÷+u~)dx .  
m..so 

We devote the major  par t  of this paper  to a solution of the second problem. In §3 we express  the 
Hamiltonian H[u] in t e rms  of the sca t ter ing data in the following way: 

8 k~ In (I --Ir(k) l ' )dk--  ~.  (8) H[u] = 
_ ~  1 = 1  

We will show that this express ion is a special  case  of the formulas for t races  [9, 10, 11]. Simultaneously 
we obtain explicit formulas for  all the f i rs t  integrals In[u], deriving thereby simple recurs ion  relations 
for  the densities Pn(U, Ux . . . .  ). In t e rms  of the scat ter ing data these integrals may be expressed by 
formulas analogous to Eq. (8); i .e. ,  they involve moments of the function In (1 -  I r(k) 12) and powers of x l .  

In ~2, using the fo rmal i sm of the inverse scat ter ing problem, we express  the form f~ in t e rms  of the 
scat ter ing data and we find the corresponding canonical var iables .  We show, in par t icular ,  that P(k) = 
- ( k / r )  In ( 1 -  Ir(k)12), Pl = x~, l = 1 . . . . .  m, are  variables of impulse type, so that the fact of the constancy 
of the integrals In[u] becomes tr ivial .  Solution of the Hamiltonian equations may thus be t r ivial ized with 
the corresponding answer  supplied by the formulas (5). 

In ~ 1, as a pre l iminary ,  we supply, without going into a detailed derivation, the necessa ry  facts of 
scat ter ing theory for  the one-dimensional  Schroedinger  equation over  the entire axis in a form suitable to 
our  purposes .  
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The present  paper  could well be written in the language of the theory of sm~,oth infinite-dimensional 
manifolds. We shall not pursue this modern tendency in contemporary  mathematical  physics if only to 
keep the paper  within appropriate  bounds. For this reason we omit many of the proofs and concentrate in- 
stead on the details of the formal  derivations.  

§ 1 .  S c a t t e r i n g  T h e o r y  B a c k g r o u n d  I n f o r m a t i o n  

The Sehroedinger Equation (2), subject to the condition (3), has solutions f ( x ,  k) and g(x, k), uniquely 
defined for all real  k by the conditions 

f ( x , k ) = d k ~  + o ( l ) ,  x - - * ~ ;  g(x ,k)=e-ik~- .4-o( l ) ,  x - -F- -~o .  (9) 

In addition, f ( x ,  k) = f ( x ,  - k ) ,  g(x, k) = g(x, - k ) .  The pairs f (x ,  k), f ( x ,  -k )  and g(x, k), g(x, -k )  form, for 
k ~ 0, two fundamental systems of solutions of Eq. (2). The following relations hold: 

f (x, k) = b ~ ) e  (x, k) + a (k)g (x, - - / 0 ,  g (x, k) = - -  b ( - -k) f  (x, k) + a (k)f (x, - - i ) ,  (10) 

where the coefficients a (10 and b(k) sat isfy the conditions 

a ( - - k ) = a t k ) ;  b ( - k ) = b ( k ) ,  t a l Z = l + i b l  ~. (11) 
f 

In addition, a(k) = (1/2ik) if(x,  k), g(x, k)}, where ~ ,  g~ = f x g - g x f .  

The solutions f (x ,  k) and g(x, k) and the coefficient a(k} may be continued analytically into the upper 
halfplane of the variable k even for large k: 

t 1 k) e - ~  i 

The last two bounds are uniform with respect  to x in the intervals (~, ~) and (-~o, B), respect ively ,  where 
~, B are  a r b i t r a r y  finite numbers .  

For  I m k  x 0 the solution f (x ,  k) decreases  exponentially for x ~ 0% and g(x, k) does so for  x ~ - ~ o .  
If a( ix)  = 0, the solutions f (x ,  ix)  and g(x, ix)  are  l inearly dependent, so that ~(x) = g(x, ix )  dec reases  
exponentially for lxj ~ ~o, 

(x) - -  e ~* (i  + o (i)), x ~  - ,o,  # (x) = de -~x (t + o (1)), x--* ~o, (12) 

and thus defines a charac te r i s t i c  function of Eq. (2). The corresponding charac te r i s t i c  value (ix) 2 must 
be real  since I m x  = 0 and the function 7(x) is real .  We denote the derivative of g(x, k) with respec t  to k 
for  k = k0 by ¢(x). This function takes on imaginary values and has the asymptot ic  behavior  

"i~ (x) = O (xe'~), x ~ - oo, ;¢ (x) = he~x (l + o(i)), x-* ~o. (13) 

F rom the Schroedinger  equation we readily find that 
00 

I I ~'dx = ihd. (14) 
C 

We assume that a(k) has a total of m zeros, and we index by l, I = i, 2, . . . .  m, the corresponding 
functions ~b/(x) and $l(x), normalizing constants cl, characteristic values xl, and asymptotic coefficients 
¢I/ and h I . 

Consider the solution ~(x, k) =f(x, k)/a(k). From Eqs. (9) and (10) it is obvious that ~b(x, k) satis- 
fies the asymptotic condition (4), where the coefficient of reflection is representable  in the form 

r (k) = b (l~)/a (k) (15) 

We determine in this way completely the set of sca t ter ing data s = (r (k), x l ,  c/). 

We note here  that the coefficients a(k) and b(k) may be determined f rom the scat ter ing data.  Indeed, 
f rom Eqs. (15)and i l l )  we obtain 

t--lrlZ= ia : ' - - Ib l~- -  t 
lal= - -  la[=, ( 1 6 )  

defining la(k) I with respec t  to the coefficient of reflection. The condition of analytici ty and the knowledge 
of the ze ros  of a(k) e n a b l e s  u s  to w r i t e  a(k) in the form 
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a ( k ) =  exp ~ ~ _  dq ~ , l m k ~ O ,  a ( k ) = l i m a ( k - + - i e ) ,  I m k = O .  (17) 

Knowing a(k) we can then  find b(k) f r o m  Eq.  (15). 

We p r o c e e d  now to the i n v e r s e  p r o b l e m .  I ts  solut ion is ba sed  on an i n t eg ra l  equat ion,  obta ined for  the 
f i r s t  t i m e  in [6], which is a p a r t i c u l a r  c a s e  of the G e l ' f a n d - L e v i t a n  equat ion .  Le t  s 1 = (r l (k) ,  ~t~ 1), c} I), 
l = 1 . . . . .  m 1) and s 2 = (r2(k), n~2)  c~2) 1 = 1 . . . . .  m 2) be  the s c a t t e r i n g  da ta  fo r  the two po ten t ia l s  U | ( J 0  

and u2(x). We f o r m u l a t e  the k e r n e l  F(x,  y), 
~e tn~ m l  

F (x, y) = ~ [r~(k) -- q(k)lg~(x,k)g~(y,k)dk + ~  c}~)g~(x,i×}~))g~(y, ix~ ~)) --~,c~>g~(x, ~×z (')g~(y,tx~ (~)), (18) 
- - o c  l ~ l  l = 1  

and c o n s i d e r  the equat ion  for  the  k e r n e l  K(x, y),  

x 

K(x,y)@ F(x,y)-i- t'K(x,z) F(z,y)dz=O, 
- -o= 

This  equat ion  is uniquely  so lvab le ;  a l so  

u, (x) " u ,  (x) = ~ K (x, x). 

x >  y. (19) 

(20) 

F o r  u 1 = 0 this  equa t ion  p e r m i t s  us to r e e s t a b l i s h  the po ten t i a l  uz(x) f r o m  its c o r r e s p o n d i n g  s c a t t e r -  
ing da ta .  In the def in i t ion (18) it  fol lows that  one should t a k e  gl(x,  k) = e - i k x  and ct 1) = 0. F o r  c ~  ) and 
>@) we m a y  take  a r b i t r a r y  pos i t i ve  n u m b e r s ,  with none of the >tl be ing  equal .  The  coef f i c ien t  r(k) m u s t  
s a t i s f y  the condi t ions  r(k) = O ( 1 / I k l ) ,  Ikl ~ ~o; [(k) -< 1, and the F o u r i e r  t r a n s f o r m  of the coef f i c ien t  b(k),  
n a m e l y  

m u s t  s a t i s f y  the condi t ion 

(see  [5]). 

~e 

1 f b (k) e-tk"dk B (x) = ~-~ 
- - e e  

4 

G e n e r a l l y ,  in the m a t t e r  of s m o o t h n e s s  the funct ions  u(x) and d B ( x ) / d x  behave  iden t i ca l ly .  

~ 2 .  C a l c u l a t i o n  o f  t h e  F o r m  f2 i n  T e r m s  o f  t h e  S c a t t e r i n g  D a t a  

C o n s i d e r  the  po ten t i a l  u(x) and two of its v a r i a t i o n s  61u(x) and 62u(x). Le t  s ,  6is ,  52s be the c o r r e s -  
ponding s c a t t e r i n g  da ta  and t h e i r  v a r i a t i o n s .  We mus t  ca l cu la t e  9(61u, ~2 u) in t e r m s  of s ,  5is ,  and 52s. 
To do this we need to find an expl ic i t  e x p r e s s i o n  fo r  5u in t e r m s  of s and 6s,  and then subs t i tu t e  it into 
def in i t ion  (7) of  the f o r m  £ .  

We now make  these  ca l cu l a t i ons .  F r o m  f o r m u l a s  (18), (19), and (20) we obta in  the fol lowing e x p r e s -  
s ion  fo r  the v a r i a t i o n  6u(x): 

~c 

8u (x) = - -  2~- ~ -  

w h e r e  the notat ion g(x, k),  r (k) ,  ~l(X), el(X), >tl, and cl is  that  in t roduced  above .  Subst i tu t ing  t he se  f o r m u l a s  
fo r  61u(x) and ~2u(x) into Eq. (7) leads  to the following e x p r e s s i o n :  

o.~ (6ts ' 6zs) = i" f A (k, q) [ 6 :  (k) 82r (q) - -  6 :  (q) 62r (k)] dk dq 

j B t (k) [ 6 :  (k) 8.,×l.-- 61~l 8 :  (k) l dk + ~ [C# (6~×182c/-- 81c/6~×t) -- Dl/(St×tS~×i - -  61×i82×l)1 
l = l  - - ~  l , ] ~ l  

q- ~ j'Et(k)[6ff(k)8,ct--6,ctg.zr(k)]dk @ FtitS:t6.:]-- 6,c,&,ctl, 
/ = 1  - - c o  l , ] = l  
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w h e r e  
og e~o 

A (k, q) --- {g"- (x, k,  ,g" (x, q)} dx, Bt (k) = -h- g' (x,k), tpt (x) ~Pt (x)} dx; 
~v,e ~ o e  

av 

Cu = 2ic, ~ {~1 h (x) (~z (x), ~ (x)} dx; Dt i = -- 4ctcf )" {~z (x) ~, (x), ~/(x) ~, (x)} dx, 

' !  f E~ (l~) = ~ {g~(x, k), ,~(x)}ax, F~j= {,~ (x), ,} (x)) dx 

and w h e r e  we use  the u s u a l  nota t ion  ~f, g} = J x g - g x f  f o r  the W r o n s k i a n  d e t e r m i n a n t .  The  i n t e g r a l s  a p -  
p e a r i n g  in the 'de f in i t ions  of A(k, q) and B/(k) a r e  to be  t aken  in the s e n s e  of the t heo ry  of  g e n e r a l i z e d  rune-  
t ions .  

I t  p r o v e s  to be  the c a s e  that  al l  the i n t e g r a l s  men t ioned  can  be ca lcu la ted  exp l i c i t ly  and e x p r e s s e d  in 
t e r m s  of  the s c a t t e r i n g  da ta  only.  We show this  in de ta i l  in the c a s e  of  the i n t eg ra l  fo r  A(k, q).  F r o m  the 
S c h r o e d i n g e r  equat ion  it is not d i f f icul t  to show that  

1 d 
tl (x, t~) g (x, q) = ,~ _ k... d.~ {g (x, k), g (x, q)}. (21) 

On the o t h e r  hand,  

{g~ (x+ k), g-~ (x, q)} = 2g (x, k) g (x, q) {g (x, k), g (x, q)}, 

whence ,  us ing  Eq.  (21), we have  

., t d 
{g (x, k), g- (x, q)} = q,_ k2 dx ({e (x, k), g (x, q)})~-. 

The  l a t t e r  f o r m u l a  enab le s  us  to e x p r e s s  the i n t e g r a l s  A(k, q),  El(k) ,  and F/j in t e r m s  of the a s y m p t o t i c  b e -  
h a v i o r  of  the c o r r e s p o n d i n g  W r o n s k i a n s .  I t  is ev iden t  h e r e  that  El{k) = 0, F/j  = 0, and we obtain  fo r  A(k, 
q) the e x p r e s s i o n  [see (9), (10)] 

(k, q) = lira l & A ,v~.~ ~ "  [(a(k)a(q)i(q--k)e-i(k÷q)'V 

+ ' a  (k) b ( "  q) i (k + q) e t (q-lo N _ a (q) b ( - -  k) i (k + q) e ~ (~-¢) ̂ ' + b (--  k) b (--  q) i (k - -  q) e i (;~+q) ~')~ - -  (i (q - -  k) e ~ (~+q) ,v)2]. 

We use  a known r e l a t i onsh ip  f r o m  the t h e o r y  of  g e n e r a l i z e d  func t ions ,  

e i X N  
lim P ~- ia6(x), 

w h e r e  the s y m b o l  P m e a n s  that  1 /x  is t aken  in the p r i n c i p a l  va lue  s e n s e .  The  f inal  e x p r e s s i o n  f o r  A(k,q)  
is  then  

i k  i ~ k * ' +  q~ A (k, q) = -~-I a(k)[~6(k + q) + - - ~ r ~  a(k)a(q)b(--'k)b(-- q), 

w h e r e  in s i m p l i f y i n g  the f i r s t  t e r m  we u s e d  the fac t  that  by  v i r t u e  of  the  r e l a t i o n s  (11) 

l a l ' - l b l ~ +  i--(lal"--lbl"-)(la[" +lb]Z)+ t --[al*-+-lbl2+ l = 2 l a l L  

The  e x p r e s s i o n s  fo r  B/(k),  C/j ,  and DIJ a r e  obta ined  in an  ana logous  way .  In addi t ion we a l s o  need  the 
iden t i t i e s  

t d 
{a ~ (x, k), , t  (x) ~t (x)} = - -  ~ +-------~ • 77 ({g (x,~), , t  (x)} {g (x,k), ~t (x)}) + .... 

~,, (x) ~, ix),*, (x) ~i (x)} = -~ l a ... "~ - V  dx ({,,(x), ~i(x)} {~ (x), , j  (x)} + {,t (x), *i (x)} {+dx), *, (x)}) + 

w h e r e  we o m i t  wr i t i ng  the to ta l  d e r i v a t i v e s  of  r ap id ly  d e c r e a s i n g  t e r m s .  We then  obta in  the  r e s u l t  
2 x t 4- x /  4 k'--x~ a(k)b(--k), Cti=8o4@,Dli = - 4 ~ ( 1 - 6 u ) ,  
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w h e r e  in the  c a l c u l a t i o n s  we have  u s e d  the a s y m p t o t i c  r e l a t i o n s  (12) and  (13) and the i den t i t y  (14). 

The  r e s u l t i n g  f o r m u l a s  e n a b l e  us  to e x p r e s s  the  f o r m  f~ in t e r m s  o f  the  s c a t t e r i n g  da ta :  

~c  

.% (8,~, ~=~) = I ~ I~ (k)1 = [5,~ (k) a=,. ( - -  k) - -  6~ ( - -  k) 5.,~ (k)l dk 

" a, ,, a(k) a (q) b(--k)b(--q)[5,r(k)&,r(q)--5~r(q)52r(k)ldk dq 

l = l  - - -~  

_L ~=~1 y'l m 2 , 2 
2l __ 9 ~ ×l-rzJ  (22) 

We show now tha t  the  s e t  of  v a r i a b l e s  

P ( k ) =  - -  k In( l  - -  [r(k) l'2), Q(k)=argb(k), 
., d 

P z = × L  q t = 2 1 n b u '  b l = i c z - ~ a ( k ) [ ~ = i ,  t, l = l , . . . , m ,  

i s  a c a n o n i c a l  s e t ,  i . e . ,  the  f o r m  f~ in t h e s e  v a r i a b l e s  t a k e s  on the fo l lowing a p p e a r a n c e :  
~e .m 

9., (8~s, 8=s) = j" (6~P (k) 6=Q (k) --  6~Q (k) 6.,.P (k)) dk ÷ ~, (6,p,5~q, - -  6,qz6.,_pz). 
--=¢ l = l  

(23) 

(24) 

Without  dwe l l ing  on the m o t i v a t i o n  fo r  the  cho ice  of  v a r i a b l e s  (23) we r e a s s u r e  o u r s e l v e s  of  th i s  cho ice  by  
m e a n s  of  a d i r e c t  s u b s t i t u t i o n .  Not ing tha t  a r g  b (k) = a r g  r(k) + a r g  a(k) ,  and  u s i n g  Eqs .  (17), we ob ta in  

l 5r (k) fir (-- k) m 2k 
' -- -2~ ,, q - - k  l - - i t ( q ) [  2 ( r (q)6r( - -  q) ~- r ( - -  q)Sr(q))dq. 

l ~ l  ]g" - I -  X l ~ o :  

F u r t h e r ,  i t  fo l lows  d i r e c t l y  f r o m  Eq.  (22) tha t  

k ! 
6P (k) = n ~ i r (k) r" (r (k) 6r ( - -  k ) - -  r ( - -  k) 8r (k)), 8pl -= 2×t5×,. 

F i n a l l y ,  u s i n g  Eqs .  (17) and  d e l e t i n g  t e r m s  p r o p o r t i o n a l  to ~ l ,  we have  

m × 1 ~ 1 1 
6qz = --6cz --2 ~, ~ 5Zi "2T --~ ~ q - - i z  l 1--  Jr (q)j'-" ( r (q)6r ( - -q)  : '  r ( - -q)6r(q))dq -~-. . .  

c l  / f f i l  " l  " /  " _ ~  

We s u b s t i t u t e  t h e s e  e x p r e s s i o n s  fo r  the  v a r i a t i o n s  in Eq.  (24). The  r e s u l t i n g  e x p r e s s i o n  is  e a s i l y  t r a n s -  
f o r m e d  to the  f o r m  (22) i f  account  be taken  of  r e l a t i o n s  (11), (15), and (16). 

We have  thus e x p r e s s e d ,  in t e r m s  o f  the s c a t t e r i n g  d a t a ,  a s e t  of  v a r i a b l e s ,  which is c a n o n i c a l  f o r  
the  s i m p l i c i a l  f o r m  ~2. In the fo l lowing  s e c t i o n  we c o n f i r m  tha t  th is  s e t  p l a y s  the  r o l e  of v a r i a b l e s  o f  a n g l e -  
a c t i o n  type  with  r e s p e c t  to the  H a m i l t o n i a n  H[u]. 

§ 3 .  I d e n t i t i e s  f o r  T r a c e s  a n d  t h e  B e h a v i o r  o f  T h e i r  S u m s  

In th is  s e c t i o n  we s h a l l  a s s u m e  tha t  the  funct ion u(x) is  i n f in i t e ly  d i f f e r e n t i a b l e  and a long  with i t s  d e -  
r i v a t i v e s  d e c r e a s e s  r a p i d l y .  In  th is  c a s e  In a (k) a d m i t s  fo r  i k t - - =  the a s y m p t o t i c  e x p a n s i o n  in i n v e r s e  
p o w e r s  O f k,  

~cn In a (k) = = - ~  . (25) 

We present two methods for calculating the coefficients c n. Equating the coefficients obtained by these 
two methods then yields the desired identities expressing the integrals of motion in terms of the scattering 
data. 
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To p rove  the r e l a t ion  (25) we note that  by  v i r tue  of  the a fo remen t ioned  re la t ionsh ip  be tween  the 
smoo thnes s  p r o p e r t i e s  of u(x) and the F o u r i e r  t r a n s f o r m  of  the coeff ic ient  b(k) the l a t t e r  coef f ic ien t  de -  
c r e a s e s  rap id ly  for  fk I ~ ~o By v i r tue  o f  re la t ions  (1I) and (16) this  impl ies  the rap id  d e c r e a s e  of 
In ( 1 -  it(k) t2), i .e . ,  of the in tegrand  in Eq. (17). We can  t h e r e f o r e  jus t i fy  the expans ion  (25), where  

c~ rn 

c v = O ;  c2/+x = ~  ~' k O - / l l a ( t - - l r ( k ) l - ) d k - - ~ ( i × ~ ) 2 i * l .  
- - x :  l = l  

The second  method for  ca lcu la t ing  the coeff ic ients  c n is b a s e d  on the Sch roe d inge r  equat ion.  We 
c o n s i d e r  the funct ion y(x,  kl = l n f ( x ,  k),  which is defined for  all suff ic ient ly  l a rge  [kl, I m k  > O. F o r  
I m  k > 0 the funct ion ~(x, k) exhibi ts  the a sympto t i c  b e h a v i o r  

X ( x , k ) = i k x  + o ( l ) , x . - + o c ;  "~(x , k )  : i k x  + l n a ~ k ) + o ( 1 ) ,  x - + ~  ~-. 

C o n s i d e r  the funct ion 

(x, k) = -~Z z (x, k) - ik. 

(26) 

It  is a solut ion of  an equat ion o f  Rica t t i  type 

G~, + o z -  u + 2 ika  = 0 (27) 

and d e c r e a s e s  fo r  x ~ ~ .  F r o m  the re la t ions  (261 we see  that  

Ina(k) = --  i z ( x , k ) d x .  

This  equat ion,  obta ined f o r  I m  k > 0, appl ies  in i ts  s m o o t h n e s s  even to the r e a l  axis .  Using the d i f fe ren t ia l  
equat ion (27) we may  c o n f i r m  that  a ( x ,  k) has  the a sympto t i c  r e p r e s e n t a t i o n  

(x, k) = ~__~ ' $n  (x) 
= (2ik) n '  

where the coef f ic ien ts  an(x) sa t i s fy  the r e c u r s i o n  re la t ions  

d 
~,~ (x) = - -  ~ a~-x (X) --  ~ on-,~-i (x) z~ (x I, n -- 2,... ; zt (x/=u (x). 

The first  several  coefficients have the f o r m  

~, = - -  u~, ~j = - -  u: + u ~ ,  ~4 = - -  u~,x + 4uu~, ~ = u ~  - -  6uU,= - 5u~ + 2u:. 

We see  that a2(x) and a~(x) a r e  to ta l  d e r i v a t i v e s .  This  p r o p e r t y  holds  fo r  al l  the a2j(x). Re tu rn ing  to In 
a (k) we may  a s s u r e  o u r s e l v e s  of  the  va l id i ty  of  Eq.  (25), w h e r e  

c.z+~ = - -  ~ ~T J a~.+~ (x) dx, 

c , =  - - W  u(x)  dx, c 8 = - - ~  u z(x) dx, c 6 = - - ~  2u 3+u dx.  
~ v o  - - o o  

so  that 

We thus arrive at the set  of relations 

= ~ 2: (/+t) m ~'÷t 
I ~÷l(x)dx = ( -  t y ~  .,, k'~- 'o(~ld~ - -  2i + ~ P Y '  

where in writing the right-hand side we have used the notation introduced in Eqs, (231. In particular,  

z ~6 (x) / tx = 8 P P  (/0 dk - -  ~- ,~ Pt , l t [ u l  = ~ -  
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so that the Hamiltonian is actually a function of "impulses" only, which justifies our  analogy between the 
var iables  P(k), Pl, Q(k), ql and the variables  of angle-act ion type in Hamiltonian mechanics .  

We have now finished the solution of the second p rob lem formulated in the introduction. We note 
now that in the var iables  introduced here the KdV equation appears as follows: 

d d d 
P (k) = 0, -ag P~ = 0 -37- Q (k) = 8k ~, 7i- ql = -- 8×~; 

in this form its solution is a t r iv ia l  m a t t e r .  The solution is given by the formulas (5). 

On the basis  of the mechanical  analogy developed here  we have reproduced all the results  obtained 
in [2-4]. The existence of an infinite set of integrals of motion for the KdV equation has been shown to be 
a tr ivial  consequence of this analogy. Our method also enables us to give an explicit sohltion for all the 
general ized KdV equations 

d o~ 6 I  n [u] 

Our method, however,  is most  at t ract ive through its sys temat ic  point of view: we now have at our disposal 
a nontrivial model of an infinite-dimensional completely integrable Hamiltonian sys tem.  
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