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The interact ion of high-frequency waves with low-frequency (acoustic) waves is investigated. 
The analysis  is c a r r i ed  out in the Hamiltonian formal i sm in the in teres t  of generali ty.  The 
instabil i ty problem is investigated for  the high-frequency wave. The general  resul ts  ob- 
tained in the ar t ic le  a re  applied to the stability analysis  of e lect romagnet ic  waves in p lasmas  
and dielectr ics .  Wave propagation in weakly dispersive media is considered. It is shown 
that the waves are  unstable. The possibi l i ty of self-focusing of the waves is studied. 

Wave coupling in nonlinear media frequently involves the part icipation of two types of waves: high- 
frequency (HF) and low-frequency (LF) (the low-frequency wave is an acoustic wave in the major i ty  of 
eases).  This kind of situation occurs ,  for example, in the interaction of e lectromagnet ic  and acoustic 
waves in a dielectr ic ,  of spin and elast ic waves in a ferromagnet ,  and of var ious  wave modes in a plasma.  

The interact ion of HF and LF waves in var ious  media is amenable to t rea tment  f rom a unified point 
of view. Such an attempt has been made by Rudakov and Vedenov [1] on the basis of the Lagrangian for-  
mal i sm for a nonlinear medium (see also [2, 3]). In [1], however, the geometr ic-opt ica l  approximation is 
used for the HF wave, and in many respec ts  this approximation is  inadequate. 

In the present  ar t ic le  we investigate the interact ion of HF and LF waves in an a rb i t r a ry  medium for 
which the Hamiltonian is  the energy  expressed  in canonical variables .  

This s tatement  of the problem turns out to be fair ly comprehensive insofar  as canonical var iables  
can be introduced for many media, covering the two-fluid hydrodynamical  model of a p lasma [4], magneto-  
hydrodynamics  [5], waves on the surface of a fluid [6], and fe r romagnets  [7, 8]. The introduction of canon- 
ical  var iables  makes it possible to apply a unified t reatment  to the problem of the instabil i ty of a s t rong 
HF wave in a medium in which it is possible for LF waves to propagate.  

Special cases  of this instabil i ty have been invest igated before, including the decay instabili ty of a 
Langmuir  wave [9], st imulated Mande l ' sh t am-Br i l l ou in  scat ter ing (SMBS) [10, 11], and the "e lec t roacous-  
t ic" instabili ty of an e lect romagnet ic  wave in a plasma [12-15]. In the present  study we show (Sec. 1) that 
the interact ion Hamiltonian for the interact ion of a HF wave of not too large amplitude with LF waves has 
a simple form, such that within the context of this Hamiltonian the HF instabil i ty problem has an exact so-  
lution. The s implest  instabil i t ies are  those which resul t  in the growth of HF waves sca t te red  at large an- 
gles. Such instabil i t ies  are  the analog of SMBS and actually go over to SMBS for small-ampli tude HF 
waves in the case of e lect romagnet ic  waves in a dielectric.  Like SMBS, they can grow only for long co-  
herent  wave packets.  With a reduction in the sca t te r ing  angle the instabili ty acquires  another charac te r  
and is p re se rved  for a s ta t ionary wave with a random phase angle. This instabili ty resul ts  in the growth 
of t r ansve r se  inhomogeneit ies of the medittm and subsequently to "disintegration" of the HF waves, i.e., 
the formation of local amplitude singularit ies.  Analogous effects are  induced by the "intr insic" nonlinear-  
i ty of HF waves (a f ie ld-squared  cor rec t ion  to the ref rac t ive  index for e lectromagnet ic  waves), which is 
included in o u r  discussion f rom the outset. 
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In See. 4 we apply the resul ts  of the general theory  to the interaction of e lect romagnet ic  and acoustic 
waves in p lasmas  and dielectr ics .  In Sec. 5 we solve the hydrodynamic stability problem for a wave in a 
medium with weak sound dispersion. Examples of such waves are  ion-acoust ic  waves in a p lasma and 
waves on the surface of a shallow liquid. We show that these waves are stable in the one-dimensional  
problem and unstable in the multidimensional ease. 

1. T h e  F u n d a m e n t a l  M o d e l  

We consider  the interact ion of HF and LF waves in a conservat ive medium charac te r ized  by a Hamil-  
tonian H. We introduce the complex normal  amplitudes a k for HF and b k for LF waves. The quadratie 
par t  of the Hamiltonian of the medium has the form 

Ho = I ~aka~* dk + I f~kbkb,~* dk 

where w k and ~k are  the dispersion laws for HF and LF waves. The wave interact ion Ham_iltonian can be 
writ ten in the form 

H i = Hi(l) -~ IIi (2) 2 c Hi (s) 

Here Hi (1) describes the mutual interaction of HF waves, Hi (2) the interaction of HF and LF waves, 

and Hi (3) the mutual interaction of LF waves. Equations for a k and b k can be obtained by variation of the 

Hamiltonian H = H 0 +H i according to the rule 

Oak 5H Obk . 8H 
o t = -  ~ 8-~  . , - x c  = - ~ 8-~. (1.1) 

In the l inear approximation the wave amplitudes have the t ime dependences 

ak ---- ak (~ exp[-- i~ (k0) t] 
bk ---- bk (~ exp [-- i~ (k0) t] 

We assume hereinaf ter  that the LF wave amplitude is  small  (bk<<ak) , whereupon we neglect the LF 
mutual interact ion Hamiltonian Hi (3) and in Hi (~) retain only t e r m s  l inear  in b k. Also, we limit the dis-  
cussion to the lowes t -order  t e rms  in a k that a re  n0nvanishing under averaging over  the HF period. These 
requirements  enable us to find the Hamiltonian 

Hi(S) = f [rkk"k2bkak'*ak""~( )!*]~6k-k,+k~ dk dkl dk~ (1.2) 

Here ( )* denotes the complex conjugate. 

We note that the theory  is  valid for the ease in which 

H~(~) >~ I Qkb,,b,, dk 

and the HF waves cause s t rong "retuning" of the LF waves. We choose the Hamiltonian HiQ) in the form 

Hi (I) (1 o3~ 

This form of Hid) is rea l ized  in a medium with a cubic nonlinearity as well as in cer ta in  cases  of 
squa re ' l aw  nonlinear media (see See. 5). The equations of motion (1.1) have the form 

0% 
i I (r~,k~,b~, § r~,k,~*b_k,*)ak,Ok_k,_k, dk, dk~-- Ot ~ ~a;~ = - -  

- -  i I Wkk*k2k3ak'$ ak2ak38k+k*--kz--k3 dkl dk~ dk3 (1.4) 

Obk I * Ot ~- ~-~k b~ = -- ~ rkk,k,(%k,ak,*Sk_k,+k2 dkl dks 

The interact ion Han~ltonian is great ly  simplified if the HF waves form a narrow packet near  k ~ k  0 
in k-space .  We can then put 

Wkk,k,k~ ~--~ Wkok~ ---- q 
rkk,k.. ~ r k ~  = / (k, k@ 

0~ I 02o) 5k,,. 6k~ 
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In the event  tha t  the LF  waves  a r e  acous t i c ,  f~ =sk ,  we can ca lcu la te  the f u n c t i o n f ( k ,  k 0) and the c o m -  
ple te  Hami l ton ian  of  the s y s t e m  in expl ic i t  fo rm.  To do so  we t r a n s f o r m  f r o m  the ampl i tude  a k to the fo l -  
lowing: 

i r 
tF (r, t) = ~ .~ ak exp (,~o (ko) t + i (k --  ko) r) dk ( t .  5 ) 

and from the amplitude b k to the density variation 6p and velocity v of the medium: 

6p = ~ ~ P~ (2n) " ,] ~ (bk + b-k*) e -ikr dk (1.6) 

i ! k s'h (bk - -  b-k*) e ikr dk 
v = (2~) ~f--7 k'/"-; V2 Po 'l~ , 

The e n e r g y  of  a HF packe t  n a r r o w  in k - s p a c e  is  

s ~ o) (ko) f akak* dk 

and i t s  local  dens i ty  i s  w (k0)lC' (r,  t)[ z. 

In the p r e s e n c e  of an acous t i c  wave the quant i ty  o~ (k 0) a c q u i r e s  the va r i a t ion  

O(o (ko) 0(o (ko) 
a o ( k o ) -  0p 6 p q : - W - v  

and the c o r r e s p o n d i n g  va r i a t i on  of  the HF wave  e n e r g y  i s  

The quant i ty  88 c l e a r l y  co inc ides  with Hi (z) . In an i s o t r o p i c  m e d i u m  

0co (ko) ko 
ov = ~q-~ol 

and we denote 

p 

M o r e o v e r ,  we can  put v = V O ,  whe re  0 i s  the h y d r o d y n a m i c  potent ia l .  

In the v a r i a b l e s  ~1,, 5p, and r the comple te  Hamil tonian  of  the m e d i u m  has  the f o r m  

Vg I~ t s~ap~ ~ ~ o ) )  
+~ o lv~ w +~-qlWl'+-~-Oo(Vr z-ff-o - , w l ~ ( ~ s p + ~  - dr (1.8) 

where  Vg is  the g roup  ve loc i ty .  

We have m a d e  use  h e r e  of the fact  tha t  

o.o~ o. = o [  o. v g ( or 
Ok~ ak~ Ox~ Oz~ ~ + ~ A j. Vg = 

in  an i s o t r o p i c  med ium,  whe re  z i s  the coo rd ina t e  in the d i rec t ion  of k 0. 

t t  i s  evident  f r o m  Eq (1.5) that  the quant i ty  �9 r e p r e s e n t s  a canon ica l  t r a n s f o r m a t i o n  f r o m  ak,  so 
that  

O't" ~V O~ t ok" 0 '~ Vg A2 tF + 
i ~ =. g ; ~z 2 Oz~ 2k0 �9 

( 

The v a r i a b l e s  6p and �9 f o r m  a p a i r  of  canon ica l l y  conjugate  v a r i a b l e s  (see ,  e .g. ,  [4]), which a r e  
given by equa t ions  of  the f o r m  

o60 ~ 6~/ (i.i0) o-7- --  p0~O --,a I ~FI ~ = ~r 
|aO o 6po 8H 
Ot --- - -  s~ ~ --iS l 'i~l~ = ~ -6p (1.11) 
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Substituting (1.5) and (1.6) into (1.7), we find f o r f ( k ,  k 0) 

k % 

Equations (1.9)-(1.11) descr ibe  the in te rac t ion  of any kind of HF waves  with acoust ic  waves.  I t  i s  
apparen t  that two m e c h a n i s m s  exis t  for  the given interact ion:  var ia t ion  of the HF wave f requency due to 
modulation of the density of the med ium by sound and "ent ra inment"  of the HF wave by the moving medium.  
Inasmuch as  

0co co 0co co 
~] 0p po ' o~ ~ Ov Vp 

where  Vp is  the HF phase  velocity,  the ra t io  of these  ef fec ts  a r e  of the o rde r  s / V p ;  for  s <<Vp the HF wave 
en t ra inment  effect  can be neglected.  

In the s ta t ionary  case ,  when O/3 t=  0, t e r m s  propor t iona l  to 02/0z z a r e  neglected in Eqs.  (1.9)-(1.11). 
Upon re jec t ing  them we obtain the nonlinear parabol ic  equation 

0~F 2k0 q, = [~2po 
- -  2iko ~ + A ~ ' F  = - - 7  (q - -  q') ] 'F [~ ~, 

�9 

which desc r ibes  s ta t ionary  se l f - focus ing  [16, 17]. Self-focusing takes  p lace  if q -q '  < 0. 

2.  S t a b i l i t y  o f  a S t a t i o n a r y  W a v e  

As Eq. (1.10) indicates ,  for  the in te rac t ion  of HF with acoust ic  waves  

r(0,  k, k) = / ( 0 ,  k ) = 0  

Under this condition the set  of equations (1.4) has an exact  solution: 

bk ~ O, ak ~ Ae-i~~ coo ~ COk + q] A I ~ (2.1) 

which r e p r e s e n t s  a s ta t ionary  monochromat ic  wave. 

L e t  a k = c k e - i w o t  and let  us  l inear ize  Eq. (1.4) against  the background of tile solution (2.1), a s suming  
that bk, bk*, Ck, Ck* depend on the t ime  as  e -i~%t. The l inear ized  p rob lem has an exact  solution, and the 
p r i m a r y  wave tu rns  out to be coupled with a pa i r  of HF waves  having wave vec to r s  k • p and a pa i r  of LF 
waves  having vec t o r s  �9 p. We have the following d ispers ion  re la t ion for ~: 

�9 {~ - -  cO~+p + o~k.-- 2Wk~+p, ~, ko+p, k~ [ A 12 + q] A ]~ + 

(F_p, ko, ko+p) ! A [2 [ Fp.'ko+p, ko [ A 
-r ~p + fl + ~p _ ~ • - -  ~ - -  c%o_p + 

+ o ~ -  2w~._p. ~,~._ ~, ~] AI ~ + q] AJ z + [ r-P' k'-P'k~ f Ate" 

(rp,  k.,'ko-p) [ A 
-~- a p - - a  = I A I  4 Wko+p, ko-p, !~, ko -~- 

* r * * \ 
]~p, k0+p, ko rp, ko, ko-p -p, k0, ko+p ]7 p, l~-p, ko 

X (Wko+p, ko..p, ko, ko_ ~ ~ P"ko+ P' ko [~P'*k~ ko--P I~. p, ko, ko+p IT-p, ka-p, ko ) 

We analyze the d i spers ion  re la t ion  (2.2) in the l imi t  as  [A[ z--* 0. Near  the sur face  

Eq. (2.2) becomes simplif ied:  

(0ko = (01~_ p -]-- Op 

and has the solution 

(~"~ - -  (Oko-~-(Dko--P ) (Q ~ ~P) -~" I A ]2 [ rp,  ko-p, ko~ 

which i s  unstable for 
((Dk ~ ~.  (0ko.. p ~_ ~p)2 ~ 4 [ A ]2 [rp,ko_p ' ko [" 

(2.2) 

(2.3) 

(2.4) 
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This  ins tab i l i ty  r e p r e s e n t s  s t imu la t ed  M a n d e U s h t a m - B r i l l o u i n  s ca t t e r i ng  [10, 11] o r  a f i r s t - o r d e r  
decay  ins tab i l i ty  [9]. I t s  g rowth  r a t e  has  the m a x i m u m  

Tmax = [ A ] ltD. ~_p.~[ 

which is  a t t a ined  on the s u r f a c e  (2.3). We now ca lcu la te  the group ve loc i ty  for  the pe r t u rba t i on  induced by 
this  ins tabi l i ty .  F r o m  (2.4) we have 

d Re ~ t , . 0~p 0okr p (2.5) 
dp = - g - t v ~ - - t - V ~ ) ,  v ~ = - ~ - ,  v 2 =  op 

The ins tab i l i ty  i s  concomi tan t  in a r e f e r e n c e  f r a m e  mov ing  with the group ve loc i t y  of  the p r i m a r y  
wave.  

Ano the r  type  of ins tab i l i ty  o c c u r s  nea r  the s u r f a c e  

2C0R. = cok~+p + (%r (2.6) 

(unless  th is  s u r f a c e  i s  degene ra t e  at  the point  p = 0). 

Let  p be a c e r t a i n  point  on the ind ica ted  sur face .  We in t roduce  

0f0k0-- p 003k0+p 
Ul - -  0p ' 112 = 0p 

and the deviat ion 5p f r o m  that  point.  Equat ion  (2.2) can be s impl i f ied:  

(~ - -  (6pux)  + Q~[ A I 2) (f~ _ (Spu2) _ Q2 [AI 2) = _ [/92 I [ A [4 

Here  

j rp, ~o+p, l(o 1~ Q] --  2Wi~+p, k~, ko+P, ko -~- q -~ (I~-;, !~s ka+p )2 ~_ ~P , 
= Qp __ r ~ r - -  O)k~ -L (Ol%+p ' 

(]~p, kc-p, ko )2 _~ ] r_p, ko,k0-p ]~ 
Q~ = - -  2W~_p, ~, ko-p, ko :Jr_ q _~- ~P -~ Oko - -  ~ko-p '~p - -  ~0ko -[- Olko+p 

l~p, ko+p, ko I'_p, ko--p, ko ~ I" p, ko, ko+p I~-p, ko-p, kt, 
P = Wko+p, ko--p, ko, ko + ~p -- (0ko "2C- ~ko-p ~p -1-alko -- ~Oko-P 

The maximum growth rate o c c u r s  for 

8p - -  1 QI + Q21 [ A I ~ U~A. _ (u~6p) 

and is  equal to u l i -  u2z ' 8p 

7max ~ [P [ IA[  2 

The group  ve loc i t y  of  the d i s t u rba nc e  i s  

0~  i ( 2 . 7 )  
0--p- = Z -  (ul + u2) 

The ins tab i l i ty  d e s c r i b e d  he re  r e p r e s e n t s  a s e c o n d - o r d e r  decay  ins tab i l i ty  [18], and i t  o c c u r s  in an 
i s o t r o p i c  m e d i u m  if r < 0. 

The fo rego ing  d i s c u s s i o n  is va l id  for  not too smal l  va lues  of  P/k0;  as  P / k 0 ~  0 i t  is  imposs ib l e  to 
s e p a r a t e  f i r s t -  and s e c o n d - o r d e r  decay  ins tab i l i t i es ,  so tha t  this  c a s e  m u s t  be a n a l y z e d  sepa ra te ly .  

3. L o n g - W a v e  P e r t u r b a t i o n s  

F o r  p << k 0 it is  convenient  to inves t iga te  the ins tab i l i ty  of a s t a t i ona ry  wave within the f r a m e w o r k  of  
the s y s t e m  (1.9)-(1.11).  L i n e a r i z i n g  the s y s t e m  aga ins t  the background  of the solut ion 

6p = O, �9 ~ ~A2t, ~F ~ Ae-iqlxlu 

we deduce the d i s p e r s i o n  re l a t ion  

{(~- -  pVcos0) 2 L~(4) P*}(Q2--p2s2)= 

0 + ~ * e p ) o s ~  o~ ( 3 . 1 )  = L (0) p2A2 {q (f~2 __ p%2) Jr ~2PoP2 + 2a~pf~ cos 
po J 

L (0) = co" cos 2 0 -4- Vko -I sin 2 O, cos 0 = (p, ko)/pko 
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This relat ion has been derived by Gurovich and Karpman [13] for the special case a =q =O= O. It  can 
also be obtained f rom Eq. (2.2) by pass ing to the l imit  as P /k0 - -  0. 

We next analyze Eq. (3.1) for the special  case V< s, when f i r s t -o rde r  decay instability is absent. We 
can then put 12~ pV cos 0 and reduce Eq. (3.1) to the form 

(~ - -  pY  cos 0) 2 -- ~/~ L 2 (O) p4= qett (0) L (O) p~A 2 
~0 + 2a~V cos ~ 0 ~ ~s~ cos ~ 0po -~ (3.2) 

qett ~ q - -  s~ -- V ~ cos ~ 0 

whereupon 
g~ --  pV cos 0 ----- ~_ V Lp2qa~ A2 -}- 1/aL~P ~ (3.3) 

The interact ion with LF waves " renormal izes"  the intr insic  nonlineari ty of the HF waves. Instability 
occurs  if there  is  an interval  of angles in which 

L (0) qeff (0) < 0 

In each direction 0 the instabili ty domain is  bounded by the values 

p~ < 4[ qeft (O)/L (0) I A2 

where the maximum growth rate  T=qeffA ~ is attained for pZ=2] qeff(0)/L(0)l A ~. If r 0, we have L(0)= 
0 for an angle such that tanZ0=k[C0k" ] V -1. Inthis  direct ion the domain of instabili ty is unbounded and goes 
over with increas ing  p to a decay instabili ty of second order .  

As we see f rom Eq. (3.3), the instabil i ty descr ibed above is  absolute in the p r i m a r y  wave system. It 
causes a buildup of the modulation, which is  "at r e s t '  with respec t  to the p r i m a r y  wave, and it is  appro-  
pr ia te ly  called modulation instability. Modulation instabili ty can develop for sufficiently short  wave pack- 
ets and leads to s trong disintegration of the p r i m a r y  wave (see [19]). I t  is  evident f rom Eq. (3.3) that the 
group velocity is 

0~t% 0a ~ V  + @ 
Op . Ok s 

The absolute charac te r  of the instability in the wave sys tem is p rese rved  up to p /k -~  (qA2/kV) 1/3. 

We now examine the case s<V.  Decay instabili ty takes place near  the cone cos O = s / V .  The growth 
ra te  of the decay instabili ty as p/k--* 0 has the form 

(3.4) 
7p = / (P, k) I A I "~ (oh (p/k)V, (q'A2/o~h)l/, 

This equation is  valid if  

7p " ~  LP 2, ~,p , ~  sp 

Next we l imit  the problem to the case s << V. 

For  not too small  values of q (q/q '  >> s2/V 2) the influence of the LF waves can be neglected in the en- 
t i r e  range of angles except near  0=7r/2, and it can be assumed that only intr insic  modulation instabili ty oc-  
curs  in that same range. For  angles close to O=rr/2 we can put L ~  V / k  0 and neglect t e r m s  containing a 
as well, whereupon we obtain 

{(~ -- p V  cos 0) ~ -- 1/4V2p4k-~ } ( ~  - -  p~s ~) -~ Vp~A~k -~ [ (~  - -  P ~s~) q + q'p2s~] (3.5) 

In the analysis  of (3.5) we initially let q = 0. Then the  following cases  are  possible.  

1 ~ wk-lqTA2<<s~V -2. In this case, for 

p / ko ~ \ - 7 - ; 7 ; - ]  

For  smal ler  values of p the f i rs t  of conditions (3.4) is violated. a f i r s t -o rde r  decay instability takes place. 
For  

we can neglect the t e r m  (LpZ) z in Eq. (3.5) and simplify the latter:  

('~ - -  p V  cos 0) 3 (~ -- ps) = Vk-lpSsq'A 2 (3.6) 
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The s t r o n g e s t  ins tab i l i ty  t akes  p lace  on the cone cos  0 = s / V ,  whe re  

Di f fe ren t ia t ing  (3.6) with r e s p e c t  to p,  we find up to smal l  t e r m s  

0~ 2 
0-b- = -g- v 

2 ~ S2/V 2 <<q'A2/wk<< s / V .  Now for  

decay instability is again realized. 
is reduced to the form 

] ~  V q'A ~ '/~ 

F o r  s m a l l e r  va lues  of p the second  condit ion (3.4) fai ls .  

fl~ (fl - -  p V  cos O - -  Vp~/2k) = p2s~q'A~ 

The ins tab i l i ty  is  a m a x i m u m  on the su r f ace  

cos 0 = P ~ ( 2k0 ' Im ~ p~s~q'A2)V ~ 

Dif fe ren t i a t ing  (3.9) with r e s p e c t  to p,  we find up to smal l  t e r m s  

0~ t ~ 
- -  V 

0 p  3 

We r e f e r  to (3.10) as  a mod i f i ed  ins tabi l i ty .  F o r  

i t s  growth  r a t e  is c o m p a r a b l e  with Lp ~. 
p r e s s i o n  

(3.7) 

(3.8) 

Then Eq. (3.5) 

(3.9) 

q,A  y/. 
p / k \-'Y'-d-~-~ ] 

F o r  s m a l l e r  va lues  of  p / k  Eq. (3.9) m u s t  be r e p l a c e d  by the ex -  

(3.10) 

(3.11) 

~ (~ - -  p V  cos 9) 2 =k  -1 Vp4s~q'A 2 (3.12) 

The m a x i m u m  growth  r a t e  

Im ~ = p (VPq'A~/k-1)'h (3.13) 

is  a t t a ined  fo r  0=7r/2. Diffe ren t ia t ing  Eq. (3.12) with r e s p e c t  to p, we obtain 

0~/0p = 1/~V (3.14) 

3 ~ 1>> q'A2/wk>> s / V .  This  ca se  d i f fe rs  f r o m  the p r e c e d i n g  one in that  the domain of f i r s t - o r d e r  
decay  ins tab i l i ty  i s  absent ,  and the modi f i ed  ins tab i l i ty  extends  to p Nk0, whe re  i t  is  now r e q u i r e d  to use 
Eq. (2.2). The m a x i m u m  growth  r a t e  of the mod i f i ed  ins tab i l i ty  i s  

7 ~'~ (ko~s2q'A2) '/~ (3.15) 

We point  out that ,  a s  impl ied  by Eqs.  (3.3), (3.7), and (3.13), fo r  smal l  wave n u m b e r s  the ins tab i l i ty  
g rowth  r a t e  i s  p ropo r t i ona l  to p. This  r e s u l t  is  d i r e c t l y  obse rvab l e  f r o m  Eq. (3.5), in which the t e r m  (LpZ) 2 
can be neg lec ted  as  p ~  0 [20]. 

P a s s i n g  to  the l imi t  a s  p ~  0 i s  t an tamoun t  to t r ans i t ion  to the nonl inear  geome t r i c -op t i ca l ,  approx i -  
ma t ion  for  the HF wave.  This  app rox ima t ion  was  used  in [1, 2]. Inc lus ion  of the t e r m  (Lp2) 2 i s  equivalent  
to the inc lus ion  of F r a u n h o f e r  d i f f rac t ion  of  HF waves .  

As  ev inced  by Eqs.  (2.5), (3.8), (3.11), and (3.14), HF wave ins tab i l i t i e s  due to i n t e rac t ion  with L F  
waves  a r e  concomi t an t  in the r e f e r e n c e  f r a m e  of  the LF  wave and can be exc i ted  only for  suff ic ient ly  long 
c o h e r e n t  wave packe t s  ( />  V / I r a  ~). Mainly  an ins tab i l i ty  with m a x i m u m  growth r a t e  in the v ic in i ty  of  p ~ 
k 0 develops  here .  

F o r  a s t a t i ona ry  wave with r a n d o m  phase  and c o h e r e n c e  length 

t /p  ~ l ~ V / ImQ 

an instability with p Nk 0 also occurs, but its growth rate is smaller by a factor /Im~2/V. This is not true, 
however, for the "long-wave" instabilities (3.7) and (3.13), whose growth rate is independent of the longi- 
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tudinal phase s t ructure  of the wave, because the geometr ic-opt ical  approximation is  valid for its descr ip-  
tion (the "Landau damping" of long-wave per turbat ions by quanta of the p r ima ry  wave is eliminated by the 
concomitant cha rac te r  of the instability). The development of long-wave instabil i t ies resul ts  in the growth 
of l a rge - sca le  inhomogeneities of the medium extending in the direction of the propagation axis; the cur -  
vature of the ray  paths at these inhomogeneities leads to the formation of caust ics  and an abrupt increase  
in the HF amplitude near  them. Nonlinear dissipative mechanisms can be activated in this case, and damp- 
ing of the HF waves can take place in a t ransparent  medium. The fur ther  growth of the instabil i ty can also 
lead to the formation of t r ansve r se  shock waves and the development of two-dimensional  "acoust ic" [21] 
turbulence of the medium. For  short wave packets w i th /<<V/ I r a  ~ LF instabil i t ies do not develop in gen- 
eral .  

We now as ses s  the influence of the intr insic  HF nonlinearity. For  a monochromat ic  wave or a long 
packet it is  required to compare the maximum growth rate of the intr insic modulation instabili ty with the 
decay (for q 'A/w k << s /V)  or modified-decay (for q'A~/Wk > s /V)  instability. We find that under the condi- 
t ions 

q'A ~ ~ l  q' \~ s q, 
% ~--<~,"T) "-V f o r  q >  (3.16) 

q'A 2 / q' \% s %,<k'-(-) -V- for q < q '  

mainly a LF instability will develop. In the opposite case the influence of the LF waves can be neglected. 
Note that under conditions (3.16) a modulation instability can develop for sufficiently short  packets sa t i s -  
fying the condition 

t / (% VI, V (q--Z-) 

For  a s tat ionary wave with random phase a special analysis  is requi red  in order  to compare  the in-  
t r ins ic  and LF instabilities. 

4. I n s t a b i l i t y  o f  E l e c t r o m a g n e t i c  W a v e s  

We now apply the foregoing resul ts  to the instability analysis  of e lectromagnet ic  waves in a p lasma 
and a nonlinear dielectric.  

We represen t  the electr ic  field of the wave in the fo'rm 

E = - ~ t  (Se_,,a+ik ~ + S,e,:O,t_mr) 

Then the energy of the field has the form 

E = @ I @ ~ (sc~ SkSk* dk 

(2~) ,', ,J 

The energy is expressed in t e r m s  of canonical var iables  according to the relation 

whence 
E = i 0)kakak* dk 

a~ = ~ 8-7 a~ 

We assume for simplicity that the wave has l inear  polarization. In this case a k can be regarded  as 
a scalar ,  and Eqs. (1.9)-(1.11) are  directly applicable, with 

F /  t 0 
~ F :  r 7 _  8n 0r (o,~Os 

The quantity qA a represen ts  a nonlinear frequency shift in a monochromatic  wave: 

qA 2 = Ao~ = o)6n~no -1 

Here 6nn / i s  the nonlinear correc t ion to the ref rac t ive  index. Similarly, 

q ' A  2 = (o~nsno -1 
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where 6n s i s  the str ict ion cor rec t ion  to the ref rac t ive  index. In a nonlinear dielectr ic a f i r s t -o rde r  decay 
instabil i ty r ep resen t s  stimulated MandelTshtam-Bri l louin scat ter ing and has a very  low threshold. The 
pa ramete r  s / V  is ve ry  small for a dielectr ic  (~ 10-5), so that even for the most  real is t ic  field amplitudes 
(Sns/n 0 ~ 10 -5) the decay instabili ty goes over to a modified instability. The rat io qT/q fluctuates for a di- 
e lect r ic  between the l imits 0.1 to 10. For  qV~q the cr i ter ion (3.16) is  also readily satisfied, so that it be- 
comes possible to observe modulation instabili ty in long coherent  packets.  As for the observation of mod- 
ulation instabil i ty in short  pulses,  this effect should be expected only in media having a sufficiently strong 
noninertial  nonkinearity. 

Ion-acoust ic  osci l lat ions exist in a p lasma without a magnetic field only for Te >> Ti. For  the quan- 
tifies s / V  and qrA2 we have 

s ( M ) ' / ~ %  VTe O~ 2 k2c~ - ~ c ' = ~  
~ t 

qtA2 (Op4 C 2 ~,2 

O k ~O)R4 VTe2 4z~rnnoc ~" 

The quantity qA 2, which coincides with the maximum growth rate of the intr insic instability, has been 
calculated in [20]: 

o 4 (. 3 k% ~- ~ E 2 
qA2 = ~ .  4 3Op~-'+"+4k% i] 4nrnnoc~ 

q / ql ~ VTe2/C 2 ~  t 

The analysis  in that paper  is valid in a p lasma for field amplitudes satisfying the condition 

E~ .<< ~0~ Vr~ 2 
Z~mrloc 2 ~ ,3) p2 C2 

as otherwise the oscillational velocity of the e lect rons  is g rea te r  than thei r  thermal  veloci ty and it is r e -  
quired to include nonlinear cor rec t ions  in the ion-acoust ic  dispersion law. 

Consequently, for long coherent  wave packets  in not too hot ap lasma,  predominant ly  decay (or mod- 
ified) instabili ty develops. Intr insic  instabil i ty due to e lectron nonlinearity can develop for short  packets,  
and for a s ta t ionary nonmonochromatic  wave any one of the long-wave instabil i t ies can occur. 

In an i so thermal  plasma,  T e N Ti ' sufficiently small-ampli tude waves experience only intrinsic ins ta-  
bility, However,  

E~ m8OSVTe 3 s ~ 

4~Xmnoc2 - ~ .  MCO p4kc, for q'A ~ / ~% ~ --~ 

and for low frequencies the L1 ~ inst2-bility growth rate exceeds the ion-acoust ic  frequency. For  waves of 
this amplitude instabil i ty occurs  for any tempera ture  ratio in the plasma.  

5. W a v e s  i n  W e a k l y  D i s p e r s i v e  M e d i a  

Considerable impor tance  at taches to the investigation of nonlinear waves in media charac te r i zed  by 
weak dispersion,  in which 

This dispers ion law occurs ,  for example, for waves on the surface of shallow water  or for ion-acous-  
tic waves in a plasma.  Media with weak dispersion are  descr ibed by the hydrodynamical  equations with an 
additional t e rm (see, e.g., [18]): 

0p 
o-T + div pV~ = 0 

(5.1) 
ot 4- 2 - po 60 + - ~  g ---Wo 

Here �9 is the hydrodynamic potential,  and the var iables  6p and �9 a re  canonically conjugate. In t ro-  
ducing the var iables  a k according to Eq. (1.6), we obtain the interact ion Hamiltonian in the form 

(5.2) 
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~':' ((kkl) k~ ':2 (kk~)kl % (klk.~) k '/~ } 
Vkk,k, = Ukk,k~ ~6 (~-~0) ~ " IC':~:C~':' ~- ~V~kJ:~ + I~'/'~":~ ~- 3g (kl~k~)'/, 

and the equa t ions  for  a k a r e  

Oak I * * } 0-"t-- -Jr- ~0)kak ~ -- ~ (Vkklk2ak'akz6k-kl-k2 ~ 2Vkklk2aklak2*Sk~-k-k~ 2f- Ukk,ksak, ak~)k+k~+k ~ dk~ dk~ (5.3) 

Equations (5.1) describe stationary nonlinear waves, which are almost sinusoidal if the nonlinear fre- 

quency shift qA z is much smaller than the dispersion frequency correction. This condition is expressed by 

the inequality 

qA~/o)~ ~ ~ko ~ 

which is  the condi t ion for  appl icab i l i ty  of the r e s u l t s  of this  sec t ion.  H e r e  k 0 i s  the s t a t i o n a r y  wave number .  

We cons ide r  the ins tab i l i ty  p r o b l e m  for  a s t a t i ona ry  wave ini t ia l ly  with r e s p e c t  to long-wave  p e r t u r -  
bat ions with p << k 0. 

In this  case  the waves  r e p r e s e n t  a packe t  n a r r o w  in k - s p a c e  with a sp r ead  of  the o r d e r  p. Due to 
non l inea r  in te rac t ion ,  waves  with o ther  n u m b e r s  a l so  occu r ,  so that  a k can be a p p r o x i m a t e l y  r e p r e s e n t e d  in 
the f o r m  

ak  : a k  (~ -[- a k -  ~ -  a k  + ~ -  bk ~ (5.4) 

Here  ak(~ is  the fundamenta l  wave packe t  with c e n t e r  f r e q u e n c y  ~(k0) , the a ~  a r e  concen t r a t ed  nea r  
k = • 2k 0 and have cen te r  f r equenc ie s  �9 2w(k0) , and bk ~ r e p r e s e n t s  the " in t r ins i c"  LF f ie ld  componen t  of a k 
concen t r a t ed  in the in te rva l  of wave n u m b e r s  k ~ p  and having a f r equency  Aco ~ w (k 0 + p ) - w  (k0)- On the 
r i gh t -hand  s ides  of  the equat ions  for  ak  ~ and bk~ we include only s q u a r e d  t e r m s  in ak  (~). 

We obtain a p p r o x i m a t e l y  

Oak + r 
0t  ~- ~0)kak + ~--- - -  iVgkal~k , 3 ak,(0)ak2(O)Sk-k,-ks dkl dk~ 

0%- ;U * ~ Au)*Ao)*s z,. z,. 
�9 b~ -~ [c0kak~ ~ -- ~ -2kok.k~ ~ t~k, (~k, Uk+ki+ks u'~'~l tbIS-2 

0bk~ ' I (o) (o)* Ot ~- ia)kbk ~ ~ - -  2~ Vkkel~ak, ak, 8k~-k-~ dkl dkz 

(5.5) 

(5.6) 

Equat ions  (5.5) can be so lved  expl ic i t ly :  

ak + ~ 

ak-- -  

VSk.~ r (o) (o) ,~ ak, ak, ~-k,-~ dkl dk~ co (2ko) -- 2o) (k0) 
* 

- 2 ~  ~' a (~ (0)*8 ~,_ z ,_  

(5.7) 

Equat ion (5.6) co inc ides  with Eq. (1.4) fo r  the ex te rna l  LF  component ,  so that  bk ~ can be r e g a r d e d  as  
independent  LF  d e g r e e s  of f r e e d o m  and the r e s u l t s  of the p r e c e d i n g  p a r t  of the a r t i c l e  appl ied  to it.  In 
p a r t i c u l a r ,  we have 

/ (k, ko) ---- 2Vkk~ a = ko, ~ (3g + l) sko 
290 

The quant i t ies  ak ~, upon subst i tu t ion into Eq. (5.3), y ie ld  the in t r ins i c  HF nonl inear i ty ,  whe re  

J v ~ l  ~ I U-2~~ I s 3 (g + t)~ 
q ~ - -  co (2ko) - -  2(o (ko) a) (2ko) + 20) (ko) ~ i6kpo 

We note that  q'/qNXk0Z<< 1. I n a s m u c h  as  q '<<q ,  s t a t i ona ry  se l f - focus ing  i s  d e t e r m i n e d  by the sign 
of q and o c c u r s  in med ia  for  which q < 0 and, accord ing ly ,  X> 0. In the case  X> 0 f i r s t - o r d e r  decay  i n s t a -  
bili ty i s  poss ib le ,  while s e c o n d - o r d e r  decay  ins tab i l i ty  i s  forb idden (for p ~k0). Conve r se ly ,  fo r  X<0 f i r s t -  
o r d e r  decay  ins tab i l i ty  i s  forbidden,  and s e c o n d - o r d e r  ins tabi l i ty  i s  al lowed. We in t roduce  the quant i ty  
qeff  a c c o r d i n g  to Eq. (3.2). We have 

( 6~ko~ ) (5.8) 
qctt ~ q I d- i -- cos 0 -- 3kko~ cos e 
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The q u a n t i t y  qef f  i s  n e g a t i v e  fo r  a l m o s t  a l l  a n g l e s  e x c e p t  in the n a r r o w  cone 

0 ~ ~ 6)&o ~ 

F o r  a l l  a n g l e s  ou t s ide  t h i s  cone  we can  use  Eq. (3.2); m o d u l a t i o n  i n s t a b i l i t y  i s  p o s s i b l e  h e r e  wi th  a 
g rowth  r a t e  ~ qA z. N e a r  a n g l e s  02 ~ 6Xk0 z a s t r o n g e r  i n s t a b i l i t y  o c c u r s ,  r e p r e s e n t i n g  a m o d i f i c a t i o n  of f i r s t -  
o r d e r  d e c a y  i n s t a b i l i t y  and  going  o v e r  to  the  l a t t e r  fo r  p / k  0 > qAZ/wkkk0 ~. 

The  g r o w t h  r a t e  of t h i s  i n s t a b i l i t y  a t t a i n s  a m a x i m u m  for  p ~ k  0 and  i s  equa l  to y ~  (qAZkk0Zsk0)~/z 

In the  c a s e  X < 0 we can  use  Eq. (2.1) fo r  a l l  a n g l e s ,  w h e r e  the  quan t i t y  Lqef f>  0 o v e r  the  e n t i r e  r a n g e  
of a n g l e s ,  and  m o d u l a t i o n  i n s t a b i l i t y  i s  ab sen t .  The  l a t t e r  s i t ua t i on ,  which  i s  c a u s e d  by the  c o i n c i d e n c e  of 
z e r o s  of the  func t ions  L(0) and  qeff(0) , is  t r u e  only  up to t e r m s  kk0Z(p/k) l /~ .  

We a l s o  note tha t  

L q ~ u = 2 / s ( g + l ) 2 S k o ~ O  fo r  0 = 0  

Consequen t l y ,  wave  i n s t a b i l i t y  i s  a b s e n t  in  w e a k l y  d i s p e r s i v e  m e d i a  in  the  o n e - d i m e n s i o n a l  p r o b l e m ,  
r e g a r d l e s s  of  t h e  s ign  of X. 

For 

a second-order decay instability is found. 
mation to the Harailtonian (1.3) (see [7]): 

p " k / qA ~ \V~ 

TO c a l c u l a t e  i t s  g rowth  r a t e  we p e r f o r m  a c a n o n i c a l  t r a n s f o r -  

I v * * * ak = ok--  Vkktk~OkiOkz~k_kl_k2 dkldk~ ~ Ukktk2Ck~ Ck~ ~ zl- -~,- 
�9 ( 0 k ~  - -  (Ok - -  (Ok~ 

F o l l o w i n g  t h i s  t r a n s f o r m a t i o n  the e f f ec t i ve  i n t e r a c t i o n  H a m i l t o n i a n  

P (5. 9) H~ = ,~ Wkk,k~ ck* Ck,* C~ Ck~ 8~+k,-k~-k, dk dkt dkz dk 3 

i s  ob t a ined ,  w h e r e  

_ _  2Vkk~k-k~ Vl~k,k3-k~ 
~k,-k, + (Ok, - (Ok, (5.10) 

and  fo r  X<0 the d e n o m i n a t o r  in  (5.10) i s  nonvan i sh ing .  

The  d i s p e r s i o n  r e l a t i o n  can  be deduce d  f r o m  Eq.  (2.2), in  which  i t  i s  r e q u i r e d  to pu t  Fkklkz = 0 ( see  
a l s o  [7]). W e  then  have  

COk+kl -~- (Ok -~ 0)kl (Okz+ka - -  0)k~ - -  (oka (0k+ks - -  (ok - -  (okt 

2 * * * Vk'k3k'-k3 Vk~kk2-k 2Vktk~kt-k~ Ykakll~-k - -  2 Ykk~k-k~Vk~k~k2-kt 
(ok~-k + (0k - -  (ok~ ' (Ok,_k ~- 0)k - -  (0ks . 0)ka_kt + (okx - -  (0 k, 

Im Q = 1/2 l/(COko+p + o)ko-p - -  2coko + 2A~T (p, ko)) 2 - -  4F 2 (p, ko) A 4 (5.1 l )  
w h e r e  

F (p ,  ko) = Wko+p ' ko-p, koko F (0,  k0) = q 

a (p, ko) : :  Wko+p, ~,:~+p, k., T (p, ko) = G (p, ko) + G ( - -  p, ko) + q 

I n d e t e r m i n a c i e s  of  t h e  t ype  

occur in the calculation of q and G, and for their resolution we note that expression (5.10) must go over to 

(3.2) for p<<k0, with qeff evaluated according to Eq. (5.8). We infer from a comparison of these expres- 
sions that all indeterminate terms are to be set equal to zero. 

For not too small values of p/k we can assume on the basis of (5.11) that 

(Ira ~)ma~ ~ 4 { F (p, ko) I A2 

w h e r e  p i s  c a l c u l a t e d  on the  s u r f a c e  2O~k0= COk0+ p +  Wk0_ p. F o r  F(p ,  k 0) we have  a p p r o x i m a t e l y  
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F (p, k0) ~- - 2 ] V2kokok ~ ] ~ [ Vko+p, k.. p Vk0:k,-p, p [ ( 5 . 1 2 )  
�9 0) (2k0) - -  20) (k0) 0) (p) -[- 0) (k0 - -  p)  - -  co (ko) 

F r o m  (5.10) we r e j ec t  t e r m s  whose demonina tors  do not have an o rde r  of sma l lness  equal to kk20 . 

Adding an orthogoual i nc remen t  6 to p, we obtain the resonance  sur face  equation 

62 = 6p ~ ( k  ~. _ p ~ )  

All vec to r s  p lying on the resonance  sur face  a r e  a lmos t  pa ra l l e l  to k 0. In (5.2), the re fore ,  we can 
rep lace  the s ca l a r  p roducts  by the p roduc t s  of the moduli.  We finally have (up to kk20) 

F (p, k0) = q ( t  k0 (ko, - -  p~)'/, "1 

The m a x i m u m  growth ra t e  

~max ~--- q A2 = A~ 

i s  a t ta ined by the instabi l i ty  at  the "upper end" of the resonance  sur face  as  p--*k 0. 

An analogous p rocedure  for the introduction of the in t r ins ic  LF degrees  of f r eedom and resolut ion of 
inde te rminac ies  is  appl icable to other media  having a squa re - l aw nonlineari ty.  An exception is  the case  
in which 

I v (~, ko, ko) I ~ 
lim " "--t- a) (ko -1- s) -- 0) (ko) -- 0 , -*o r (8) 

In this  case  there  is  no inde te rminacy ,  the influence of the in t r ins ic  LF component  can be d i s regarded ,  
and the in teract ion of HF waves  can be desc r ibed  by means  of the effect ive Hamil tonian (1.3). 

In conclusion the authors  wish to thank R. Z. Sagdeev for  a discuss ion of the resul t s .  
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