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The Hamiltonian Formalism

In studying wave phenomena in various nonlinear media their similarity is striking. Such processes
as, for example, parametric instabilities, self-focusing, and generation of higher harmonics may occur
for the passage of powerful light pulses through transparent dielectrics, for propagation of finite-amplitude
waves in a plasma, and for propagation of $pin waves in ferromagnets or gravitational waves along the sur-
face of a fluid.

Therefore a compelling necessity arises for formulating a general theory of waves in nonlinear media
which could treat all of these processes from a unified point of view while avoiding the specifics of the
medium. A sample of such a theory may be found in the classical mechanics formulated in the language of
canonical variables, The reference to classical mechanics also delineates the framework within which one
should construct the general theory of nonlinear waves; it is clear that one may hope for serious success
only by assuming that the dissipative effects are small (absent entirely in the first approximation) — i.e,,
one should limit the analysis to conservative systems,

From the fundamental point of view the formulation of a general theory of waves in nonlinear con-
servative media is no more than the generalization of classical mechanics for the case of systems with a
continuous number of degrees of freedom.

Such a generalization is made in classical field theory which preceded, for example, quantum elec-
trodynamics. Under these conditions it is usually assumed that the field has a local Lagrangian density
which depends on a finite number of derivatives with respect to the space variables, Attempts at formulat-
ing a general theory of waves in nonlinear media according to the prototype of classical field theory have
been made recently by Whigham {1], Lighthill [2], and a series of other authors (viz., for example, [3)).

However, the theory starting from a local Lagrangian does not have a degree of generality sufficient
to encompass the examples given above. In the majority of practical cases the Lagrangian is nonlocal (or it
is local but requires fulfillment of additional conditions which greatly complicate the problem). Therefore
it is reasonable to start from the most general of the formalisms of classical mechanics — the Hamiltonian
formalism,

*Here we present the contents of just the first part of the lecture course under the general heading #"The
Hamiltonian Formalism and Exact Methods in the Physics of Waves in Nonlinear Media Having Dispersion."
The exposition of the second part, which is devoted to exact methods, will be published later in the form

of a separate survey.
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The present paper contains a consistent (and therefore to a considerable degree trivial) carryover of
the ideas of classical Hamiltonian mechanics to the case of a continuous number of degrees of freedom and
a translationally-invariant Hamiltonian in the general form.

The most difficult feature in all of this procedure is to write the equations for the various specific
media in the canonical variables (Section 5) — these variables are often related in a very bizarre way fo
the mnatural" physical variables which describe the nonlinear medium.

As the first example of the use of the Hamiltonian formalism for continuous media let us consider the
equation for potential flow of an ideal compressible fluid in which the pressure is a unique function of the
density p(p). These equations may be written in the form

o, +’;‘(V‘I’)’+W(p) =0, p+ divpy @=0. @

Here @ is the velocity potential; w(p) = S (1/p)(dp /dp)d /1is the specific energy of the fluid, The system of
Egs. (1) conserves the energy of the fluid

o1
H=) (—Q-P(v @) + s~(p)) dr, ()= [w()dp. @)
It is not difficult to check the fact that Egs. (1) may be written in the form
of ¥’ ot 3

Here the symbols 6/6® and 6/6p denote variation of derivatives,

Equations (3) constitute a direct analog of the Hamiltonian equations of classical mechanics — a pair
of canonically conjugate quantities (the generalized coordinate p(r, t) and the generalized momentum ®(r,
t)) are stipulated at each point in space,

A direct generalization of the considered example is the case in which the medium can be described
by two functions of the coordinates and time — the generalized coordinates q(r, t) and the generalized
momentum p(r, £) which are governed by the equations

og_%H op_ _H 4)
ot 3p’ ot 3q’

where H is a certain functional of p(r, t), q(r, t) (usually it has the meaning of the energy of the medium).

Equations (4) in general are not differential in the space coordinate,

Let us consider the expansion of the Hamiltonian H in powers of p and q. If the medium is not subject
to external forces, then this expansion begins with terms that are quadratic in p, q:

H=H,+ H + ..
In a spatially homogeneous medium the first term of the expansion has the form
1 '4 7 4 4
HO =—é—5 {A (f —r )prpr' + 2B(r - r )prqr’ + C(r— f) X qrqt'}drdr ’ (5)

where A(r), B(r) and C(r) are certain structural functions. It is obvious that A(r) = A(~r), C(r) =C(~1).
Performing a Fourier transformation in the coordinates

1

Pr= (2 m)e2 j‘pke”"dk, P_s=Pp>
1 N
9, = (_2—‘")7'25 g.e*rdk, q_,=q,,
we reduce Hj to the form
1 * % *
Ho 2-2'5 {Ak}’kl’k"i‘ szpqu-i-ququ}dk_ (6)
Here Ay = A)eTrar, and By and Cy are defined analogously. We have
B, = By, + By,
A—k = Ak = A;, C——k = Ck—"—‘C;, (7)

B_,=B,, B_,=8,, By ,=—58,.
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The Hamiltonian Eqs. (4) in the variables py, q have the form
s _ _BH 04 OH (8)
ot g, o dp
Substituting H = H; from Eq. (5) into (8), we have
p 0y
"071’=— w9 — Bily> \'af=thk+Alzpk' (9)

Assuming p, q ~eM in the system (9) we find
hg = i{—BQk B V Ath——Bfk }
for A,
The medium is stable relative to buildup of small perturbations if
C, > B, (10)

The stability condition (10) will henceforth be assumed fulfilled, whence it follows that Ay and Cy have
identical signs, If the medium is invariant relative to reflection of the coordinates, then B(-r) =B(r) and
By = 0. In such a medium —A? = A, C ~B};.. From the variables py and gy we perform a conver-

sion to the new variables g, af according to the formulas

a, =akpk+§qu, @, =a,, (1)

a = akpk+ quk' S__k = Bk
and require fulfillment of the condition

2B — G B = (12)
Condition (12) leads to a situation in which the equations for g have the form
da 8 H
+ g = Q. (13)
sat "
We further require that in the new variables the Hamiltonian H, have the form
Hy = {o,aq,a,dk, (13a)

where -—iwk is one of the functions 7\1,2. Expressing py and gy from (11), we make use of the condition (11)
to obtain the following result after performing substitution into (6):

A c,
I 4 ‘2 = £ s 2=
T L Ay "
N B
0,8, + opB, = (k)

where wy(k) = w/Aka —~BJy; the sign in front of the radical must coincide with the sign of A,. The general
solution of the system of Egs. (14) has the form

TA, — 1
= =Y —— oy (R 1D,
(1 ‘/2“,0(13) exp (i®,), B8, QAEmO(k)(BM-i-I,u)D( ) exp (i 9

where & is an arbitrary phase multiplier. Under these conditions
0, = — By(k)+ (sign A) Y A,C,— B, . (15)
The sign of wy, determined from Eq. (15) (the wave dispersion law) coincides with the sign of the energy of
the waves in a nonlinear medium.
Assuming for simplicity that &, = 0, we express py and qi in terms of oy, oy
pe= =1 s (B — o) 0, — (B + foa ()3,

2A,0,(k) (16)

- a:h)-

TR N
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Let us substitute (16) into the cubic term of the expansion of the Hamiltonian H in powers of a and al’f,:. We

have * * x %
Hy = [{Vy o, %0, %, Vi o2, % %, O} Dot H dk,
i

Y 5. { U5y % %, T, + Uy bty %%, O} Dsinirr, H R+ e a7
The functions V and U have symmetry properties:

Vern ="V, Bk, Ulzk, n= Vs = Usss, (18)
In the case when the medium can be described by several pairs of canonical variables the problem of
diagonalizing the quadratic part of the Hamiltonian is less trivial,

This problem may be solved if, for example, H, has the form

Hy= N[ {Vy(r — r)pi(r)p; (') + Qy(r — ') q;(r) g; (7'} } dr dr’

and one of the matrices V1 and Qj; is positive~definite. In this case the diagonalization of the Hamiltonian »
is equivalent to the problem of fm&mg the normal variables in an oscillatory system with N degrees of free-
dom. In such a medium there are N wave modes having the dispersion laws w;(k) and the amplitudes a;(k).

All of the preceding reasoning has rested on the assumption that the equations of the medium are
written in canonical variables. As a rule, the "natural" physical variables in which the equations of con-
tinuous media are written (the components of the velocities, displacements, electric and magnetic fields)
are not canonical. Note, however, that the equations of a medium that allow the introduction of canonical
variables must (if they are equations of the first order in time) have the following form in the arbitrary
coordinates Ap (r, t):

ZjGn m(r r,)aAM(r) ar’ = A s (19)
3 4,(r)
where Gp,m(r, r') is the kernel of a nondegenerate linear operator (with coefficients that in general depend
on Ay (r)) which satisfies the conditions

G, . (r r') = — G, ,(r,r) (the asymmetry condition);
G _(r,r)= 30a(r) _ 30m(r) (the closure condition).
mm : 3A,(r) B3A,(r)

Under these conditions the functional H is a Hamiltonian and is conserved, while G, m(r, r") is governed by
the relationship '

3G, m(rr) | 3G, ,(r"r) L")
3 Ax(r") 3 Ap(r) Y .
Equations (19) minimize the action
S = [dt + dr {p.(r)A,(r)) + | Hat, 20)

which constitutes a linear function of the first derivative of the coordinates with respect to time, It may be
proved that if the medium allows the variational principle and the action depends solely on the finite order
of the time derivatives of the variables describing the medium, then canonical variables may also be in-
troduced in it [4].

2. Canonical Transformations

Let us consider the transformation from the variables g to the new variables by, and let us require
that the equations of these variables have the form (13) with the same Hamiltonian H, It is easy to check
the fact that for this purpose the desired transformations must satisfy the following conditions:

da, da,, a, 3a,
k& -4 _ k B dk/ —_ 0’
3b, db,, Bb, Bb,

da, a.a}',,, _ 3a, ‘84;' k=3, ..
5b, 3%, bbl ib,

(21)
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Conditions (21) are the conditions for canonicity of the Poisson brackets which ensure canonicity of the
transformations, Let us represent the canonical transformation from gy to by in the form of an integro-
power series

ar = by + [ (VP o, 00, bs, + VO &, b, b + VEk s, b‘ b, | dk,dk,

kkik,

+ [ Wk rx, be b, be, By, + - +W,,,,l,,’,,sb*lb;,b;}dk,d@dka.‘, (22)

Equations (21) impose specific constraints on the coefficients of the series (22). Thus, the functions V(1)
v v(® must satisfy the conditions

VP s, = —2Vi%ey Vihe, = Vi =Viiw (23)
while the functions w{l) must satisfy the conditions

Kk, kokg
. 1 1) I — *
W 4+ 4] (Vi w Vi o= Vi Vil ) O = Vi,

* (1 *(1 1 — V6 3) % ! — W@
W(lf)k ko iy + 2 .5 { V(nk’ V}:}z'* + ngl’)k R Vk'( {z)" b T Vk,(k)’ R V(k,)lzl. L3 Vk’k’ V;z}a [0 } die’ = Wli” kRyki? (24)

W — W (3 ). . (@ * (1 ’
W;,,g,,,,,,,g.-Wg,)kkl,,ﬁq(vk,),,, V;.‘,:,, Vﬁ?y Vi, ,)-dk’.

The canonical transformations written in the form of the series (22) allow simplification of the wave~
interaction Hamiltonians by excluding "nonessential* terms from them, Thus, the transformation
U*
VO =V® =0, V&, =— 1 Zemas Bpsbrit, (25)

3 o,+o, -|— ®,
excludes the second two terms in the Hamiltonian (17), whereas the transformation

Viws
Vike = ;k__‘ik:____u; LA (26)

excludes the first pair of terms in the Hamiltonian (17). The procedure of successive exclusion of terms

of the Hamiltonian by means of canonical transformations is called the classical perturbation theory (viz.,
for example, [5]). A characteristic difficulty of the classical perturbation theory and problems with a finite
number of degrees of freedom is the appearance of "small denominators.® In the physics of nonlinear waves
this difficulty is manifested in the form of the appearance of nonintegrable singularities in the coefficients

of the canonical transformations, Thus, for fulfillment of the conditions

k- kl + k-l = Ov (27)
u”k + mk; + mk: = 0
a singularity arises in the coefficient V(31)< k , while when the conditions
1Ky
k= kl + k'.! )

W, = 0, —+ w,
are fulfilled a singularity appears in the coefficient V(1) .
1Ky )
Fulfillment of conditions (27) is possible only in a medium where ) changes sign (i.e., if waves with
negative energy may exist in the medium). In media which allow only waves with a positive energy a Hamil-
tonian of the type [ Ua*a*a*+. . . may always be excluded and in this sense is "nonessential. "

The possibility of the existence of solutions of the system (28) depends on the form of the function

If wy =0 and wI{ > 0, then the system (28) has solutions for ! > 0 and has no solutions if w" < 0; for
@y = 0 this problem is more complicated. If the system (28) has solutions, then the principal term of the
wave-interaction Hamiltonian has the form

Hy = [V aya, a, + Vi, .0, ak}ak v, AR dR dE, . (29)

Under these condifions the function kaik is rlgorously definite only on the surface (28); off this surface it
may be changed by an appropriate transférmation of the form (22) which adds the term — (@ — Wy, ~ W, )

(k{ﬁkz to ka1kz' The form of Vl(:ll K, may be chosen on the basis of convenience considerations’,

kR R
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If the system (27) has no solutions, then the cubic terms may be excluded from the interaction Hamil-
tonian,

Under these conditions, however, fourth order terms appear among which likewise not all of them
are essential. The Hamiltonian

! . 3 dk dk, dk, dk, (30)

" ¥
Higy = '2— \ Tk NN a, alz1 ak, aki kt-R—hk—k;

is essential. In an attempt to exclude this Hamiltonian a singularity develops which is concentrated on the

manifold defined by the system of equations
k+k =k, 1+ ky,

w, + W, = 0, -+ e

(31

The system (30) has solutions regardless of dependence on the form of Tkk1k1k3-

Let us represent an explicit expression for Tkk1k2k3, which is caused by the cubic terms in the Hamil-
tonian:
V ®

U—k.,—k_,, &, k_q‘U—k"kh Be, o Ratkoki By

|4

IR
Tkk,k,kxz—Q “ — l
Oprp T O 0 : Cprn, T Pp T Y,
E) £
.9 Versnn Veon. an 9 Ve bonen, Vi bons
CP + o, — @, O e + 0, =0,
* N
— Vk, ko Bi— Ry Vlz_1 Bok—k 9 Vk ko k—E, ka 2, b,—k, (32)
P + W, — @ wk,---k, -0, — W,

for wy + W, = W, t Wy In deriving Eq. (30) it was assumed that the waves have a low amplitude
T alf Lo k. (33)

The use of canonical transformations allows the entire diversity of Hamiltonians for nonlinear media
to be reduced to a small number of "standard" or "essential® Hamiltonians. Thus, in 2 medium with waves
having positive energy the standard interaction Hamiltonian has the form (29) if the law for the dispersion
of w has decay (i.e., processes of the type (28) are allowed, or the form (30) holds if these processes are
forbidden). Under these conditions the coefficients of the functions V and T, which enter into the Hamil-
tonian, are rigorously definite only on the "resonance surfaces" (28) and (31), and may be chosen arbi-
trarily far away from these surfaces, Analogous standard forms of the Hamiltonian may also exist for
other more complex cases. Let us present the standard Hamiltonian of the medium for the important prob-
lem of the interaction of high-frequency waves having an amplitude a). with low-frequency waves having an
amplitude by [6]: :

Hiw = [ [ Vap o, bua, a4, + Vi, b e, 04} By dRAR R, (34)

The Hamiltonian of the type (34) describes, for example, interaction of light and sound in dielectrics, the
interaction of Langmuir and ion-sound waves in a plasma, of spin and acoustic waves in a ferromagnet,
etc.

3. The Instability of Stationary Low-Amplitude Waves

The calculation of the first several coefficients in the expansion of the Hamiltonian H of the medium
in the powers of the canonical variables @, and al’g automatically allows the solution of a series of impor-
tant problems associated with the nonlinear interaction of waves. First of all, this applies to the problem
of the stability of low-amplitude stationary waves, Waves are usually called stationary inthose particular
cases of motion of 2 nonlinear medium when all quantities describing the medium depend solely on the com-
bination x~vt. Under these conditions it is obvious that a (t) = ckye-ikvt,

The equations of motion of the medium in the linear approximation has the form

Oa; .
o T m=0

for a stationary wave they yield

(v, — Rkv)a, = 0. (35)
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If the dispersion law is not linear, (. # ck, then Cp = ad(k—k),is the sole solution of Eq. (35); here k; is the
zero of the expression w—kv. In a linear medium with dispersion all stationary quantities are monochro-
matic.

For a fairly low amplitude g this is also valid in a nonlinear medium. Since neither Eqgs. (27) nor
- Egs. (28) for wy # ck can be satisfied if two of the vectors (k, k, k,) are equal to the same vector k;, one
should use the Hamiltonian (30) to describe a monochromatic wave,
The equations for the medium within the framework of this Hamiltonian have the form
oa
~A»-J,- lo,a, + i \ T, bk k‘ak a, B, R dk, dk,dk, (36)
and allow the solution g (t) = aé(k_.ko)elko"t, where
Ew=o,+Tlaff=o,. (36a)
The nonlinearity of the medium is manifested first of all in the appearance of a quadratic dependence of the
velocity of the monochromatic wave on amplitude. Egquation (36a) is true if the effects of nonlinearity are

smaller than the effects of dispersion (i.e., for T |g[? « kzcuk" . Othevrwise the shape of the stationary wave
is far from sinusoidal.

Let us consider the problem of the development of perturbations in 2 medium having a low (but finite)
amplitude, For this purpose we go over to a frame of reference in which the stationary wave is at rest
after performing the substitution of variables g = cke'Ikv and the Hamiltonian transformation

H - H— | (kv)c,c,dk.
In the variables ¢ we have

0 SH
LT @

In Eq. (37) we introduce damping v of the phenomenologlcal waves,

Let us now place

c,=ad(k — ko) +a, (2,8 L a) (38)
and let us retain only the terms which are quadratic in O in the Hamiltonian H, We have
7 = | (0, — ko), ot dk + (382)

where the Hamiltonian H, vanishes along with the amplitude g of the stationary wave,

In the Hamiltonian ﬁ1 one should retain only the "essential" terms which are not excluded by the
canonical transformation. In a medium in which three-wave processes (28) are allowed one should use
the Hamiltonian (29) and H;pe, and for f; we have

Hl =aqa S' (ank; £ % O, 4 Vl;k, k,a';l a;l) ak.,—k.—k dk,dk, + 2a f ( b by ko akl o + kkolz, » 'aza) ak.—k.,—-k, dk,dk,.(39)
The first term of the Hamiltonian (39) is essential near the surface

ko=k1+k2,

_ (40)
=0, o,
The second is essential near the surface
Ry=Fk, —Fky,
0 1 2 (41)
e T D, T Vg,

If these surfaces are spaced sufficiently far apart, only one of the terms of the Hamiltonian (39) is essen-
tiai,

Limiting ourselves to the first term, we have

de
---~l—l(m — k), + 24V, % 1,7, =0 (42)
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Considering the solution of this equation in the form oy = erl we arrive at a well-known formula for the
growth rate y of parametric instability [7, 8]:

A T
1=Rer=— “‘17'(]'1 + 1) + l/ - Z‘Oz + 'n'f-nax"r Z(Tl — 72)%, (43)

where
Tmax ™ 2 lvkm 5, kq—~kJ & N =T V1= Vs
Equation (43) demonstrates the existence of instability if
Prax > Tz
with a maximum growth rate on the surface (27) (6 = 0). It is important to note that the growth rate of

parametric decay instability of the first order can be expressed directly in terms of the coefficient Vik

e 1Ky
of the Hamiltonian (29).

An analysis of the Hamiltonian which is essential near the surface (41) shows that this Hamiltonian
does not lead to instability, A simple mnemonic rule exists which allows separation of the terms in the
interaction Hamiltonian which lead fo instability, Note that this canonical variables ¢ may be treated as
the classical analog of the quantum annihilation operators of the quanta of a Bose field which develops as
a result of quantization of a classical field with the Hamiltonian H, while the variables g may be treated
as the classical analogs of the reduction operators of the same quanta. Since instability means growth of
coupled pairs of waves, the term "responsibler for this instability in the Hamiltonian is the term containing

* %
the products aki akz'

If decay processes are forbidden in the medium, then it is necessary to use the Hamiltonian (30) to
study instability. In this case decay instability of the second order occurs in the medium [9]. Instability
holds for waves ay. whose vectors are concentrated near the surface:

2k, =R, +- k.,
2ok, =0, +o,,

while the growth rate is given as previously by Eq. (43) where, however, it is necessary to assume

(44)

Tmax= Irka,kq, 8, 2ku«k, a4 T =Ty T2= Top -

In the expression for 6 = 2@1{0— & — Bk, one should now take into account the quadratic corrections to
the frequencies of the waves.  The correction to Eko is given by Eq. (36), while the corrections to 'o";k and
@nk,-k can be calculated directly from the Hamiltonian Hy:

- 2
B, = mk+2Tk,tu,k.k0!a"

For k; and k, which are not too close to k; one may achieve 6 = 0 by means of a shift from the surface (44)
by the amount 6k ~ T |e|?/w'k; then in the absence of damping y = Ymax; for k — k, one should take account

' o'f 6. In the simplest case, Yvhen the coefficfients of th.e Hamiltonian Tkko,ka and Tko,kmk,zko, _k are con-
tinuous for k — k, Eq. (48) yields the following result in the absence of damping:

Re i = Ta_z‘y; (45)

Here A = azw/akaakﬁlk =k, dkaékﬁ, 0k =k—k;,. In an isotropic medium A = q(6)|0k[?, where 9 is the angle
between ok and kg,

q(8) = v, cos?0 + %—w;sinze.

Equation (45) describes modulation or self-focusing instability {10, 15]). In more complicated cases the
limits of the quantities Ty Xk, for k —~ k; depend (2s can easily be verified from Eq. (32)) on the direc-
tion 6k. In this case (as shown in [6]) Eq. (45) remains in force, but the coefficient T becomes a function
of the angle 6. In all cases the instability growth rates can easily be calculated from the coefficients of
the third- and fourth-order terms in the expansion of the Hamiltonian in @ and a;.

Let us once more mention the case of the decay of a high-frequency wave into high-frequency and low-
frequency waves within the framework of the Hamiltonian (34) (if wy; = 0, then the role of the low-frequency
wave will be played by a wave of the same kind as the high-frequency wave if this low-frequency wave has a
small wave vector)., In this case it follows that if the amplitude of the high-frequency wave is sufficiently
small, conventional decay instability with a maximum growth rate takes place:

333



Tmax™ I Vk,. k Rk |-a (Ymax& 89
Here Qy is the dispersion law for low-frequency waves, In the opposite limiting case kwk > Ymax > O
it is impossible to separate the surfaces (40) and (41), and it is necessary to retain both terms in the
Hamiltonian (39). Under these conditions the growth rate is determined from a fourth-order equation, and
its analysis leads to the detection of instability with a growth rate
T (Trznaxgk)m (46)

(modified decay instability). This result was obtained by many authors (viz., for example, [11, 6]) [26].

4. The "Abridged' Equations

Using the Hamiltonian formalism, it is easy to derive the "abridged" equations that describe the
simplified models of nonlinear media in various approximations. Let us consider, for example, the in-
teraction of three spectrally narrow wave packets having the characteristic wave vectors k;, k,, kyina
nonlinear medium. In order for this interaction to be substantial it is necessary that these vectors lie
close to the resonance surface (28). Assuming that the relationship k; =k, + k;, w = @y + wy is fulfilled,
we represent g(k) in the form

a(k) = a, (B + %) + a; (R + %) + a3 (ks + %), (47)
Substituting (47) into the Hamiltonian (29) and excluding nonessential terms, we obtain
Fiue = 2V [ {@% (%)) @ (wo) @ (#3) + @ (%)) @* (%) @* (#3) } By, ity ity g (48)
Further, using the narrowness of the packets, we use the following expansion in the quadratic Hamiltonian:
wlk, + %) =o(k) +o%, 0= _g;:— (i=1,273)

and go over to variables a; = cjexp [(—iw(k;)t]. Inthe variables ¢
H=H—ok)(ccdk
= _\_J j' (xv)e;(x)e](x)dx +V j fe, (#0) €3 (%2} ¢ () - €] (%) €5 (%5) €5 (’Fa)] By — gt Ay dng dg (49)

Now it is convement to perform the inverse Fourier transformation of the coordinates, Assuming hi(r) =
.m=3/2 [ ¢; (k)e"1 Tdk and operating according to the rule

AT 5_11 =0, (50)
ot 8?
we obtain the well~-known equation for resonance interaction {13]-
0% + @b = —'q’:‘l’s’
d% + (TV) e = — ——‘h P (1)

-"-a-“f—+ (@) = — -t

Assuming ¥; > ¥, P5 in (51), it is easy to obtain Eq. (43) which was already derived earlier for the growth
rate of decay instability.

If waves having a negative energy may exist in the medium, then resonance interaction between three
wave packets whose characteristic wave numbers satisfy condition (27) is possible, Proceeding as pre-
viously, we reveal that the principal role is now played by the Hamiltonian

_.Y U b, @ O, @, e }alz—(—k +1, O dR1 dE,
while the equations for the amplitudes of the wave packets have the form
a iU* ¥ ook
‘{’1 + (v = — —— ‘Pz‘{’g.

g . iU#
%nt @v) b = — 4
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d 9, iU* . s

B ()Y = — . (52)

Py + (93 v) ¥ on Yot
Equations (51) have the solution ¥, = ¢, = ¢; = Ae-i®,

T 1 2z

O =—+4 —arglU, A(ty= ———0. (53)

g 38 O=10re—n
This solution goes to infinity at a finite time t =t;, and Eqgs. (52) describe "explosion® instability [12]. The
ngrowth raten of this instability 27/U can likewise be expressed directly in terms of the coefficient of the
cubic Hamiltonian. From the quantum-mechanics point of view the term in the Hamiltonian

.)‘ Uk.kx =y a:, a;, at&, ak+k,+kﬂ dk dk 1 dk‘z ’

which is responsible for explosion instability describes the simultaneous production of three guanta of the
wave field from the vacuum. By means of the Hamiltonian formalism it is likewise easy to describe the
vhigher-rank" explosion instability (terms of the type a*a*a*a*), explosion instabilities of finite-amplitude
waves (terms of the type aa*a*a*), ete.

The next example of an "abridged" equation may be obtained by starting from the Hamiltonian (30) and
assuming that the wave field constitutes a single spectrally-narrow wave packet, ILet the average wave vec-
tor of the packet be k; then, assuming that

a(k) =c(k, + =) exp(— io(Ry) 1),
H—~H = H—ok,) | lc|(k) dk,

] 02")
k = k s k %O _— e %y N
o(k) = ok, + %) = 0 (k) + +2 ok,c)kgnﬁ
we obtain
8y . %o 0%y irT o
— ! . 20 =0
o TV i Tanor, ey 1Y

for ¥(r}. Equation (53) describes the "self-action" of spectrally-narrow wave packets in 2 nonlinear me-
dium; Eq. (45) for modulation instability may be derived directly from (53).

A very interesting example of a simple model of a nonlinear medium consists of the equations for the
interaction of a spectrally-narrow high-frequency wave packet of an arbitrary kind with sound. The nature
of this interaction resides in the fact that in the presence of variations of the velocity and density of the
medium created by the sound waves the law for the dispersion of @y for the high-frequency wave varies,
This fact allows the Hamiltonian for the interaction of the high-frequency waves with sound to be written
immediately:

Hint = _\, I "'l) Ié (a&p + @V (D) d!’,
L g 9 4
do k=k.,’ l v kzk(,.

In this formula the first term describes the variation of the frequency of the high-frequency wave due to the
variation of the density of the medium; the second term describes the "entrainment effect" of the high-fre-
quency wave by the moving medium., Remembering (Section 1) that 6p and @ are canonical variables for a
compressible fluid, we obtain the equation [6]

, o %Y
(Y, + vy — (adp + By ®) = 0,
(9, v + k. 0k, 0% 0% (a3p + By ®)
f;aw.anmwvl'plz:(), (33)
od

I = — 8289—‘1]‘!’!2:

ot
which was analyzed in detail in [8].

Equations (55) describe, for example, interacting Langmuir and ion-sound waves in a plasma (ac-
cording to the terminology developed by V. I. Karpman these are telectroacoustic waves") [14],

One may assign the universal equations which record nonlinear sound waves in media having disper-
sion to this same category. In order to obtain these equations we note that Eq. (2) for the energy of a com-~
pressible fluid during its potential flow may be rewritten in the form
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1. .
H= < p(g®Y dr + 5y,

where g, is the internal energy of the fluid and is a functional of its density. This functional may be re-
presented in the form of a series in powers of Ap:

o= | { @ + —;—(VPF} dr, (56)

nclassical" gas-dynamics corresponds to the retention of only the first term of the series (56), while for
consideration of the second term we obtain the Boussinesq system of equations:

98 + diveyg® = 0,
ot (57)

b 1
O S (O ) = v

(for a detailed derivation of this system see [16]).
Equations (57) are applicable for a wave amplitude that is not too large; therefore one should place

.
6= py + %9,

@ (p) + %) — @ (py) = 3”3‘)—(1 - ari)
0,

% £o

In the unidimensional case Egs. (57) are conveniently written in Lagrange coordinates. Introducing x =z
+ £ and writing the continuity equation in the form

/ x
59 = (30 -+ 2p) (1 —+ —;), (58)

and substifuting the quantity &p obtained from (58) into the equation

23 3 .
R TE A

o D

we find
» » 0 [ i
by — 82,4+ 511 9) o 24V, =0 (59)

within small terms.

Equation (59) is likewise a Hamiltonian equation, and it may be rewritten in the form

3 H
U= P, = — ’8“69 (60)

o H
=

A
ol

o, = SPu~—~st(l byt — v, =

H = —é—j‘((bﬁ + Szuz—%(l + o) u + vté) dz.

We shall call Eq. (59) the equation for a nonlinear string.

Assuming in Eq. (59) that

Uy — Sgtl“, = (a + s (’))

\ .

9oy a[0 0
—— —— ‘\’/ 8 — — ma— — 61
(at Sdz,)u 2¢dz (\az Soz)”’ (61

which corresponds to consideration of waves moving only in one direction, we obtain the well-known Korte-
weg—de Vries equation

7

2s(u,— su,) +s2(1 + a) g;uz 4+ vy, =0,

which it will be convenient for us to write in dimensionless form in the frame of reference moving to the
right at a velocity s:

- u, + uy, = 0. (62}
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The Korteweg—de Vries (KdV) equation is likewise a Hamiltonian system. In order to verify this we write
the KdV equation in the form

@
o 3H j
4= — —, H= Wt —u? dx
AL 5 ( T3 )
—
or in the equivalent form
o] r >
5 n(x — x') dulx’) ;o BH. (63)
o ot du

The notation of the KdV Egs. (63) according to Egs. (20)-(22) is manifestly a Hamiltonian notation,

5. The Kinetic Equations

It thé ensemble of interacting waves has rapdom phases for a low nonlinearity level, then this en-
Sembie may be described statistically by introducing the correlation function

{a,a,>=n, Bk_k,,

The quantity ny is "the number of quanta" corresponding to a Bose field (accurate to within 1/h) and is
governed by the kinetic equation. The Hamiltonian description of the medium is also very convenient in
deriving this kinetic equation. Let us begin by considering the case of a decay spectrum having the Hamil-
tonian (29). The equations for the medium have the following form in this case:

da .. . . 5

—df— +io a, + 1 { v, iy Qo Do Sy + ka, o 1O, O, <'k*k1+k’} dk, dk,. (64)
Assume that the waves have infinitely small damping. Multiplying the equation by a*, adding it to the com-~
plex-conjugate expression, and averaging over the ensemble of waves, we obtain

on ,
(Ttk +21m ) { Y, LN [k Py + 2 vk; kA I”x b, Ca—rorn, i dk, dk, . (65)
Here dk—ki—kz Ikk1k2 = (a’f{akiakz) is the third-order correlation function.

Assuming that the odd correlation functions decrease rapidly with an increase in the order, while the
even correlation functions are unlinked with improving accuracy via the binary functions (this corresponds
to the hypothesis of phase randomness), we assume that the fifth order correlation function is absent and
that among the correlation functions the principal role is played by

< a:, a;’ Gy, Cp, > = g R, ( ak.—k, ak,—-h, + akl-k. 81;,—1;3 )' (66) -
for the ternary correlation function we find
___dl”' L2 i v = —2iV n_n 2V 7 2V n
ot — (o~ O T %) e T phk e e, T 20V, o Bty 2V e e My

Hence, neglecting the slow variation of Ikk1k2 with time and making use of the equation Im(x + iE)"= To(x),
we obtain

Im Ik &y &y =2b (wk - mkx - mkn) (V" By &Ry nkl nkl - V’?’k ky nk nkx - V"; LN nk nk:) (67)

for I. Substituting (67) into (65), we finally obtain

on,

.—d}— =4x j‘ [ { ‘ Vk Ry Ry !z ak—-kr—‘ka a""k et e (nkl ’Zkz - nk nk‘ - nlk nk") }

+ 2] Vk‘Ml lz akl_k_ka Bmk‘ oy g, (nk‘ n, 4 ngn, —n, nk’)] dk, dk, . (68)

The kernel of the kinetic equation can be expressed simply in terms of the coefficient function Vi K,
of the Hamiltonian. Analogously, in 2 medium in which ternary processes are forbidden it is easy to ob-
tain the kinetic equation from the Hamiltonian (30):

L.
Fa 2= TN L/ am,, Fug, —op, —og,

X ("k, By Bg My Ny — By Ny — 01y nk’) dk, dk, dk, . (69)
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An analysis of the kinetic equations shows [17] that they may be used only for studying the interactions of
wave distributions that are fairly wide in k-space, The characteristic distribution width n, must satisfy the
conditions
Ak T . 12
-k—>>(mzj'nkdk) . (70)
Within the framework of the Hamiltonian formalism it is also convenient to construct a more exact
theory of analytic description of wave fields which is based, for example, on a diagram technique of the
Wild type.

6. The Canonical variables

Let us present a brief description of the canonical variables for several of the most important models

of continuous media, Let us begin with the generalized equations of ideal hydrodynamics:
QE + divev =0,

‘ (71)

0o 3

Z+Epv+ys =0

ot dp
Here g is a certain functional of p, In the particular case when ¢ = 5 g(p)dr, Egs. (71) describes a baro-
tropic fluid.

For Egs. (71) the pairs of variables (A, n) and (p, ®) are canonical — these are the generalized Cleb-
sch variables (18] which are defined from the condition
P

In these variables the Euler equation decays into three equations;

3
o _ div 2o = —H
ot 3
o _ - A
Y - (vV) o= S\ *
y e 3
02 lo i N opu = —11
ot 2 ¢ 3p 3p
while the continuity equation may be written in the form
9 _3H
ot w0’

where
H= —;—jpvzdr 4

is the total energy of the fluid.

The variables (72) constitute the prototype according to which the Hamiltonian formalism is introduced
into various equations of the hydrodynamics type — first of all into hydrodynamic models for the descrip-
tion of a plasma [17]. The two simplest plasma models — the hydrodynamics of an electron gas and the
hydrodynamics of ion sound (viz., for example, [18]) belong directly to the type (72). For potential flows
A =pu =0 we arrive at the pair (p, ) which has already been encountered in Section 1 in connection with the
Boussinesq Eqgs. (55).

The variables (72) can easily be generalized for the case of relativistic hydrodynamiecs, for which it
is sufficient to replace v by p/m =v /w/l—vz/cz in (72), and also for the case of the hydrodynamics of a
charged fluid which interacts with an electron field. In this case

P_toutrgo— La, (73)
m p me

where A is a new vector canonic variable — the vector-potential of the electromagnetic field taken in the
Coulomb gauge., The quantity that is the canonical conjugate of B is the vector
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B=—

]

where E is the electric field intensity,

The variables (73) allow immediate computation of the expansion coefficients of the Hamiltonian of the
plasma energy in powers of the amplitudes of the Langmuir waves ay, the electromagnetic waves Sy, and
the ion-sound waves by, and the finding of the principal characteristics of their interaction in an isotropic
plasma [17]. It is curious that in the nonrelativistic limit the Hamiltonian contains only quadratic and cubic
terms.

If a constant magnetic field H,, is present in the plasma, then its corresponding vector potential is a
linear function of the coordinates, and direct diagonalization of the quadratic Hamiltonian, which was des-
cribed in Section 1, is impossible. In this case it is necessary to perform a canonical transformation
which excludes the constant part of the vector potential Aj = 2-1(—iy + jx)H,. After this transformation the
canonical substitution has the form

p_ oK i +yd— £ 1 ( 1) (74)
—— = —_— —— ] — e [ A — 1 J e
.o‘/2( ih—Ju)+v cA T, vy

Here (A, u), (p, ®) and (K =A—A,, B)are new pairs of canonical variables, The use of the variables (74)
allows successful computation (19, 20] of the instability growth rate and of the kernels of the kinetic equa-
tions for the interaction of waves in a magnetically active plasma (their calculation by other methods is
extremely cumbersome).

For the magnetohydrodynamics equations

0-73 + divpo =0,

ot

9o 1

— + (@y)v=—vyw() +—[rotH H] (75)
ot 4zp

oM _ rot o, H]
at

the transition to canonical variables is accomplished by means of the substitution
v =L [H, 1ot S} + vo, (76)
e

in which the pairs (p, ®) and (H, S) are canonically conjugate,

The magnetohydrodynamics equations in these variables have the form

&p SH
¢ = AT =g (77)
oH 5H
—=rot [oH] = —,
5t = rotlefl =5
oS H sH
—=——+4 0,0t 8] — gy = ——,
ot il I=v 2H
o o 5 H
00 Y i) — (py)d = — o1,
. P () — (vy) P

Here H = \\ {pv?/2 + &(p) + HY/87 —ydivH]dr is the energy of the medium; P = (H,, r)/4r is the gauge func-
tion chosen on the basis of convenience. For the natural conditions divS =0

div [, rot ]+ %, Ady = 0.

-
!

&~

For diagonalization of the Hamiltonian against the background of a constant magnetic field H, is it con-
venient to choose

. 1
v = e (Hy, r).
The variables (76) allow simple computation of the matrix elements in the interaction of magnetohydro-

dynamic waves and the growth rate of decay instability of the Alfven wave among the magnetohydrodynamic
waves,
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For potential oscillations of the surface of 2 fluid which is situated in 2 uniform gravitational field
g directed downward along the 7z axis the canonical pair is 7(x, y, t) (the deviation of the surface of the fluid
from the equilibrium value) and ¥(x, y, t) (the hydrodynamic potential on the surface) (see [22]).

The equation for the oscillation of the surface in these variables has the form

on _3H 05 3H (78)
ot 8y ot ™
Here
H— %; wdr + [G(s, )4 ()4 (s) dsds’ (79)

is the total energy of the fluid; G(s, s') is the Green's function of the Laplace equation in the domain bounded
by the surface of the fluid and the bottom. Assuming that the surface of the fluid deviates little from the
plane, one may expand G in a series in powers of  (see [22]), and then by diagonalizing the quadratic part
of the Hamiltonian one can calculate the first coefficients of the expansion of the Hamiltonian H in powers

of the complex amplitudes g of the surface waves. This method allows us to take into account the effects
of surface tension and is the most economical method of calculating the instability growth rates, the coeffi-
cients of the abridged equations, and the kernels of the kinetic equations for the surface waves,

For spin waves in a ferromagnet, which are described by the phenomenological Landau— Lifshits
equation for the density of the magnetic moment
JaM , &H
—=g|M —|, =M 80)
-] -, <

where g is the gyromagnetic ratio, H is the total energy of the ferromagnet; the well-known Holstain
—Primakoff variables [23] are the canonical variables:

M+ = M, + iM, = 1/9Moa(r)‘/1—€'2‘—_;'2.
) 0

In these variables Eq¢s. (80) take the form

da ., &H
- -i_ i
ot ' da*(r)

==

The coefficients of expansion of the Hamiltonian of the ferromagnet in powers of the normal amplitude ¢
of the spin wave have been calculated (for cubic crystals) in [24]. The values of these coefficients allows
great progress tobe made in the theory of nonlinear interaction of spin waves.

The equations of nonlinear electrodynamics in media having dispersion do not allow the exact intro-
duction of canonical variables, since they are not differential with respect to time, For them, however,
an approximate introduction of canonical variables is possible in the form of series in powers of the
mnatural" variables E(k, ) with coefficients calculated by means of the nonlinear susceptibility tensors.
Such 2 calculation, which was performed in [25], allows Hamiltonian wave dynamics to be incorporated in
this scheme along with nonlinear electrodynamics, provided only that the amplitude of the electromagnetic
waves is not too great. As a whole, the use of canonical variabjes leads to a cardinal simplification of the
computations and to a clarification of the essential features in studying the processes of interaction of waves
in various nonlinear media, The unification of these calculations allows results obtained for one medium
to be given a general physical meaning easily.

7. The Quasilinear States

If the Hamiltonian of the medium is quadratic and has the form (13a), then the general solution of the
equations of motion for an unbounded medium has the form

a,(ty =c(k)exp (— iw,t).
In this case the amplitudes of all of the waves are independent of time.

In considering the nonlinear interaction the amplitudes of the waves in general become time functions,
One may, however, consider special initial conditions for which the wave field has the form

N
a,(t) = S| A (k — k) exp (— iu,t) + O (4, (81)

i=1
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where the remanent term is uniformly small in time. The wave field of the form (34) may be called a quasi-
linear state, All of the variables characterizing a quasilinear state are N-periodic functions of the coordi-
nates and of time, the spatial period being stipulated by the numbers k; and the time periods being depend-
ent on the amplitudes,

The simplest quasilinear state is a stationary periodic wave — in this case N =1 and
a,(f) = A exp(— Lo )3k — k), (82)
where « = w(k;) +T|a|? (viz., (362)). For N =2 the quasilinear state has the form
a,(t) = Ay exp(—iv )3 (k — k) + Az exp (—iw )3 (R — k). (83)
Substituting (38) into (30) and excluding the terms lying off the resonance surface (31), we find
o, = o®) + Ty g g n AP+ 2T 085 4P

0, = o (k) + le, bk k,IAz P+ 2Tk, AN k,lAl I
The solution (83) (the biharmonic field) exists only if the vectors k; and k, do not lie near the sur-
face (28) in a layer having a width of the order of Vlal/wl';kz; in this case, a "secular" variation
of the amplitudes A; and A, with time occurs. Analogously, for the existence of a quasilinear solu-
tion for N =3 it is necessary. for the vector ki, k,, k; not to lie near the surface in a layer having the
thickness [2|?T (31) and likewise for a biharmonic field to be possible to construct from each pair of vec-
tors (k;, k,)(kks) and (kyks).

One may formulate the conditions governing the existence of the N-wave quasilinear state analogously.
Such a state creates N "dangerous zones, ® each of which has a width of the order of (Aw /N)1/2¢1/2 /wﬂk
equal to the resultant frequency shift of each of the waves, For N ~ k2w"k /Aw the dangerous zones cover
the entire region of the phase space in which the waves are concentrated, and a further increase of N is
impossible, Besides the "dangerous zones® created by three-wave resonances, "dangerous zones" created
by four-wave processes of the type (31) exist. These zones have a width of the order of Awy/k, N and are
created by pairs of waves, so that their number is of the order of N2, For N < w/Aw the overall width of
these zones 0k, ~ NAw /w]_ is much smaller than the overall width of the dangerous zones created by three-
wave processes: 0k, < 0k ~ (chu/kwﬁ)i/ZNi/z. For N ~ k?wl' /Aw ~ 1 the widths &k, and ok, are com-
parakle and the zones overlap., In the reasoning presented above it was assumed that all N waves have
frequencies of the same order of magnitude. In this case the dangerous zones created by the higher reso-
nances of the type nw; = 2w lie in the high-frequency range and do not enter into the problem. Thus, ina
nonlinear medium with dispersion no more than N ~ k%! /Aw monochromatic waves may exist regardless
of whether or not decay processes are allowed or forbidden. The unidimensional case is an exception, In
the unidimensional case it follows that for the condition that there is only one wave mode three-wave reso-
nances of the type (28) are impossible, while four-wave resonance conditions (31) yield k, =k, k; =k, or
k, =k;, k; =k. This means that if the function gy is sufficiently smooth, then one may isolate the term

(84)

Huo = | Tww | a, | 0, [* dkdk, (41)

in the interaction Hamiltonian and exclude the remaining part of the Hamiltonian by means of a canonical
transformation. The Hamiltonian (41) yields

a,(t) :=S‘ C(k)e—-im(k)fdk' ‘;/. = v, +2 5’ Tewla,. P dk’.
This means that in the unidimensional case wide wave spectra are quasilinear and allow complete exclusion
of the Hamiltonian (30). All time variations of the spectrum take place due to Hamiltonians of the type
Va®a*® in this case, which yields an estimate of the characteristic variation time;

i
L[t
™™ o
Let us also write that in a two-dimensional and a three-dimensional medium in the absence of dispersion
the N~quasilinear solutions are obviously unstable — it is sufficient to place a "seeding® small wave in a
"dangerous zone" in order for the amplitude of this wave to begin to grow. In a unidimensional medium
stable N-quasilinear solutions are possible,
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8. Completely Integrable Systems and Stochastization

Dynamic systems having a large number of degrees of freedom as a rule "mix" over a long time and
behave statistically. Systems having abundant sets of integrals of motion (completely integrable systems in
the first place) constitute an exception, A completely integrable system with N degrees of freedom has N
independent integrals of motion which are functions of the state (i.e., they do not depend explicitly on time),
all of these integrals of motion being in the involution — i.e., the Poisson brackets between all I, are equal
to zero:

1 L) = 0. (85)

The examples of integrable systems are a set of N linear oscillators, the motion of a point in a centrally-
symmetrical field or along the surfaces of a body of rotation, free motion of 2 rigid body, motion of a point
in the field of two Coulomb centers, motion of a symmetrical top in a gravity field, and certain cases of the
motion of a nonsymmetrically-heavy top. If the dynamic system is completely integrable, then the con-
servation laws I, which are in the involution may be taken as generalized momenta. Under these conditions
the Hamiltonian H will not depend on the corresponding generalized coordinates ¢p @ =H(, ..., I,)) whose
equations have the form

d¢, OH . oH 86

ot '—aln * ‘Pn(t) - cfn(o) + d[” t, ( )

where the variables I, ¢, are called action-angle and variables. The simplicity of their time dependence
makes it desirable to solve the initial problem for the integrable system according to the following scheme:

Pu0), 440) > 1,y 24(0) > Ly, 2,(8) > po(2), 44(0)- (87)
During the first stage of this scheme the transition is accomplished from the original variables Pps 4y 2nd
to action-angle variables, and during the last stage the transition is made back again from the action-angle
variables to the original variables,

Integrable systems having a finite number of degrees of freedom are not stochasticized; instead of
that they perform quasiperiodic motion with N periods. Note that under these conditions there may be un-
stable equilibrium points and types of motion in the integrable system. Thus, rotation of a rigid body rela-
tive to an intermediate inertial axis or motion of 2 point along a2 minimal diameter on a surface of rotation
lead to the appearance of 2 new periodic motion with a large amplitude,

All of the integrable systems known until recently, with the exception of a system of N-independent
oscillators, had a finite number (and a small number at that) degrees of freedom, After the work of the
last fewy years, however, it has become clear that there is a large number of completely integrable
Hamiltonian systems with a continuous number of degrees of freedom. This applies in the first place to
unidimensional systems (the distinction of unidimensional systems is already clear in the example of the
study of quasilinear solutions) it turns out that almost all unidimensional "standard® Hamiltonians which
develop in the physics of nonlinear waves are integrable, and important examples of integrable two-dimen-
sional and three-dimensional Hamiltonians exist, This fact poses anew the problem of stochastization of
nonlinear wave fields. In an integrable system the evolution of an N-wave solution which is not quasilinear
or the development of instability of an N-quasilinear solution leads to the establishment of a certain quasi-
periodic motion and "reversible turbulencer (although possibly also with a large number of periods) rather
than to phase mixing. Systems which are not too close to completely integrable systems are those which
are actually stechasticized.
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