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It is shown that every  one-dimensional  differential opera tor  whose coefficient functions 
depend on an a r b i t r a r y  set of pa r ame te r s  is associated with a ser ies  of multidimensional 
nonlinear part ial  differential equations which can be integrated by means of the inverse 
scat ter ing problem method. 

The inverse  scat ter ing problem method was discovered in 1967 by Kruskal, Gardner,  Green, and 
Miura [1], who integrated the well-known Kor teweg-de  Vries equation by means of a t ransformat ion f rom the 
potential of the one-dimensional  s tat ionary SchrSdinger opera tor  to its scat ter ing matrix.  Subsequently, in [2] 
a nonlinear SchrSdinger equation was integrated in an analogous manner  by means of the one-dimensional 
Dirac operator .  In the following papers  [3-6] it was shown that these opera tors  are  associated with infinite 
c l a s ses  of integrable equations which can be calculated algori thmetical ly.  In [7], a procedure was proposed 
for  calculating these equations, together  with a descript ion of their  method of solution for  a rb i ta ry  matr ix  
opera tors  of any order .  

In recent  papers  (see [8]), Calogero has proposed a general izat ion of the inverse scat ter ing problem 
method and he has shown that by means of the SchrSdinger and Dirac opera tors  and their  matr ix  analogs one 
can integrate new c lasses  of nonlinear differential equations which contain functions of an a rb i t r a ry  number of 
arguments .  In the present  paper,  we general ize  Calogero ' s  resul t  to the case of a rb i t r a ry  matr ix  opera tors  
of any order ,  and we also give a s impler  proof of this result .  Our approach is based to a large extent on [7]. 

Suppose we are  given an a rb i t r a ry  integral  opera tor  F and an opera tor  K which is a Vol ter ra  
opera tor  f rom the right, these acting on vec tor  functions ~n(x),  _oo < x < ~, 1 -< n <- N, the kernels  of the 
opera tors  F(x,  y) and K(x, y)  being related by 

r  

F(x, y) +K (x, y) + ~ K(x, s) F (s, y) ds=O, (1) 

and the opera tors  themselves  by 
F-FK+K.F=O. (2) 

The ffmctions ~(x) and the opera tors  K and F also depend on the vector  pa rame te r  z = (z 1 . . . . .  z l) 

Suppose we are  given an opera tor  M that is differential with respect  to x and z, defined o n  ~(x, z) ,  
and which commutes  with the opera tor  F: MF - FM = 0. Then (see [7]) there exists an operator  M, 
differential with respec t  to x and z, such that for  K related to F by the condition (2), 

MU K-KM=O. 

Here I~ = M + Q, where Q is an opera tor  subordinated to M; the coefficients of the opera tor  Q can be ca l -  
culated f rom the conditions of vanishing of the t e rms  outside the integral in the relation 

! - 
x 

mid they can be expressed  by means of reeurs ion  relat ions in t e rms  of a finite number  of derivat ives with 
respect  to x and z of the kernel K(x, y, z) taken at y = x, the set of which we denote by ~(x, z) .  Equa-  
tion (1) is the Gel ' fand-Levi tan  equation, which solves the inverse scat ter ing problem for  the opera tor  IV[ 

Suppose fur ther  that there exist  two opera tors  M 1 and M 2 such that the equations for  F 

L. D. Landau Institute of Theoret ical  Physics ,  Academy of Sciences of the USSR. Transla ted f rom 
Teoret icheskaya i Matematicheskaya Fizika, Vol. 27, No. 3, pp. 283-287, June, 1976. Original ar t icle  sub- 
mitted January  9, 1976. 

o f  this publication may be reproduced, stored in a retrieval system or transmitted in any form or by any means electronic mechanical, photocopying, 
microfilming, rec~ or otherwise wi thou t  written permission o f  the publisher. A copy o f  this article is available f rom the publisher for $ 7. 50. 

485 



[M,, F]=O, IMp, F]=O 14) 

have a simultaneous solution. Then the following equations are  compatible: 

~V[,K-KMi=O, M2K-:--KM2=O. (5) 

The condition of their  compatibil i ty is a sys tem of nonlinear differential equations for the ~ (x, z ~:s which 
combine the sets ~l(x, z)  and ~2(x, z) associa ted  with the opera tors  1Vi~ and M 2. This sys tem ~.s ~he 
desired integrable sys tem.  Every  solution F of the sys tem (4) after  K has been found from_ Eq. (1) and 

(x, z) has been calculated genera tes  an exact solution of this system. 

The problem of enumerat ing the sys tems  which can be integrated by means of Eq. (1) thus reduces 
to the problem of enumerating the pa i rs  of opera tors  M 1 and M~ for  which Eqs.  (4) have simuttaneocs 
solutions. In [7], a study is made of the c lass  of such opera tor  pai rs  defined on f~mctions ~n(X, zi, z 2 
(z = (zi, z 2) ) and having the form 

_%0 
Ml = + Ll, M~ = ~ + L~, 

~z~ 

where L 1 2 = L1 2 (x'  z, ~/Ox) are  matr ix  opera tors  that are  differential ~-ith respect  to x and satisfy the 
condition ' 

imp, M~] =0. '~~ 

The corresponding opera tors  I~ 1 and ~I 2 have the fo rm 

Oz~ c~z2 
where L1 and L2 are  also opera tors  that are  differential with respect  to x and depend on 

(5 5) I ~(x, z)= -- K(x,y) , i=1,2 . . . . .  p- ' l ,  

where p is the higher of the o rders  Of the o p e r a t o r s  L 1 and L 2. The opera tors  ~d 1 and .~,Y~I 2 also satisfy 
the condition (6), which can be rewrit ten in the form 

+ [~ ,  E~] =0, 
OzL ~z~ 

which is a general izat ion of Lax 's  relation [3]. The major i ty  of the previously discovered sys tems  tha~ 
can be integrated by the inverse scat ter ing problem method belong to this c lass .  

The sys tems descr ibed by Calogero cor respond  to a different choice of the pair  M1, M 2 , S~dp*pose 

M~L=L(x,z,~---~), (z= (z~ . . . . .  z~)) (7) 

is an a rb i t r a ry  matr ix opera tor  differential with respect  to x: 

M~=~-.~/,(z,L) ~,0 i= i  . . . .  . l, iS> 
Oz~ 

t 

where f / ( z ,  L) is a polynomial in L with coefficients that are  vec tor  functions of z. We show that the 
opera tors  (7) and (8) can be chosen as the pai r  (4). The condition [L, F~ = 0 means that the k e ~ e l  F(x~y) 

sat isf ies the differential equation 

z 0 

where L + is the adjoint of the opera tor  L; the mat r ices  in L + are  multiplied by F f rom the right, 

It obviously follows f rom the condition [ L F ]  ; 0 that [~ (z, L),  F]  = 0. Therefore ,  the con-  
dition [M 2, F1 = 0 reduces  to the condition 

OF=O, ], (z, L) 
az, 

i 

i. e . ,  to the differential equation 
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( (  ~x ) )  coF(x'y) (t0) 2 /~ z ,L x,z, 
i 

A function F satisfying the conditions (9) and (10) commutes  with M and M 2. To calculate a sys tem that 
can be integrated by means of the opera tors  M 1 and M 2 we must find the opera tors  NI and M z. This can 
be done by using the relation (3). It is  readily verif ied that ~ I  = L = L + Qc  M~ = M 2 + Q2' where Q1 
and Q2 are  opera tors  that contain differentiation only with respec t  to x. The coefficients of Q~ and Q2 
can be calculated by means of recurs ion  relat ions.  After  the construct ion of L and 1~2, the required 
integrable sys tem can be found f rom the relation 

[E, 3~2] =0. (11) 

One can combine the two considered c lasses  of sys tem by taking M s in the form (7) and M 2 in the form 

cozi - COx 

where [L, L 2] = 0; in par t icular ,  one can set L 2 = g(z ,  L).  If the derivative with respect  to one of the 
pa rame te r s  t = t (z )  is explicitly separated out in the opera tor  (12), 

M2=O/at+M, 

then the relation (11) can be written in the form of Lax 's  relation [3] 

as I;, Jff], 

which however implies conservat ion of the spec t rum of the opera tor  L if this spect rum at t = 0 does not 
depend on z. 

As an example, we take 

L =  i .aN;CO x = -~ + L -~ -t- -~ L. 

It then follows f rom (9) and (1) that (A = diag(a i . . . . .  aN)) 

iA OK(x, y) ~- i OK(x, y) A + i[A, K(x, x ]K(x,y)  =0; (13) 
Ox • 

the second of the equations (7) in this example has the form 

COK(x, y) CO2K(x, y) . 02K(x, y) 
- -  + iA , - ~  A+i [A ,K(x , x )  ]K~(x,y)+ i (AK~(x ,x )+K,(x ,x )A)K(x ,y )=O.  (14) 

cot COz Ox c)z ~y 

Equations (13) and (14) mean that the matr ix  u(x, t, z) = K(x, x) satisfies the evolution equation 

Ou,j _k ia~2-kaj ~ CO2u,j t- 2 i (a,-ba~) COuij V au~ . ~a a,2--ajaa Oui~ 
�9 - -  u~ ~ + i 2 . u, hj=O CO t a~--aj Ox Oz ~ aji-t-2ia~ (v.~Tujj) ~a~j-t- i ~ 2a~ a~--ak k~j ai--aj ~Z k~.jA-n at--ai ~Z 

for  i r j. Fo r  the diagonal e lements  of u, we obtain direct ly  f rom (13) 

Ox z _ ~  

h 
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