
3) Suppose that the group G has a r ep r e sen t a t i on  G : (a ,  b, c,  d lR i : e, i : l - n )  with a finite se t  of de-  
fining re la t ions .  We cal l  the quanti ty r.O (Ri) the length of the cor responding  represen ta t ion .  Among all  such 
r ep re sen t a t i ons ,  we choose one with min imal  length. The r e p r e s e n t a t i o n  of H (as a subgroup) ,  cons t ruc ted  
using the minimal  r ep r e sen t a t i on  of G, has l e s s e r  length than the or iginal  r ep r e sen t a t i on  of G. The re fo re ,  
the f a c t o r - r e p r e s e n t a t i o n  of G, obtained f r o m  the r e p r e s e n t a t i o n  of H by applying the h o m o m o r p h i s m  desc r ibed  
in 1), has l e s s e r  length than the or iginal  min imal  r e p r e s e n t a t i o n  of G. This cont radic t ion  shows that the group 
G cannot be defined by a finite se t  of defining re la t ions .  The t h e o r e m  is proved.  

Despi te  the fact  that the group G was defined as a group of t r ans fo rma t ions  on a space  with a m e a s u r e ,  
it may be defined in purely a lgebra ic  t e r m s .  In pa r t i cu la r ,  there  exis ts  a s imple  a lgor i thm,  allowing us to 
answer  the following quest ion for  any word  W in the gene ra to r s  of the group G: does W r e p r e s e n t  the unit e l e -  
ment  of G, or  not? We a lso  note that  G is f initely approx imable  and has exponential  growth. We give another  
example .  Let  ~ be the t r a n s f o r m a t i o n  of the square  [0, 1] x [0, 1], consis t ing of the cycl ic  permuta t ion  of its 
quadrants ,  and le t  the t r a n s f o r m a t i o n  77 be desc r ibed  as in Fig. 2 (S denotes the cyclic  pe rmuta t ion  of the 
quadrants  of the square  over  which it is wri t ten) .  Then ~4 = 7/4 = e and the group genera ted  by the t r a n s f o r m a -  
tions ~ and 77 is an  infinite per iodic  group. 

The author is deeply gra teful  to A. M. Stepin, with whose c lose  co l labora t ion  these examples  we re  
c rea ted .  I a m  a lso  indebted to S. I. Adyan, A. A. Kir i l lov,  and A. Yu. Ol ' shanski i  for  thei r  useful  d iscuss ions .  
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We consider  (el. [1]) the s y s t e m  of nonlinear equations r ep resen t ing  the conditions for  compat ib i l i ty  of 
two l inear  di f ferent ia l  equations for  a square  N × N nonsingular  mat r ix  function *(~, V, h) 

• ~ = u(¢, n, x) ~', ~ =  v(L n, x)~. 

Here  U and V a r e  ra t ional  functions of the p a r a m e t e r  ~ with dis t inct  s imple  poles: 

iV, 
N~ Un(~,rl) V ~V°~- Z Vn(~'l]) 

U" = U o -4- ~ -- a'-------~ ' Z -- b n 

The compat ibi l i ty  conditions for  Eqs.  (1) have the f o r m  

U o ~ -  Vo~ = [uo, Vo], 
N~ N, 

UnTI~IUn, Vo_~Z V~ [flc 1¢:1 an--bk']' Vn2:[ Vn' U°+Zk_l bn--% "]" 

I t  follows f r o m  (3) that there  exis ts  a nonsingular  mat r ix  g(~, ~) such that 

Uo = g~g-a, Vo = Qg-1.  

We introduce the notation 

0 __ Uo" 

(1) 

(2) 

(3) 

(4) 

(5) 

L. D. Landau Inst i tute of Theore t ica l  Phys ics .  T rans la t ed  f r o m  Funkts ional 'nyi  Analiz i Ego Pr i lozhen-  
iya,  Vol. 14, No. 1, J a n u a r y - M a r c h ,  1980. Original a r t i c le  submit ted  October  3, 1978. 
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We express  the matr ices  Un, Vn in the form 
~I, I;'(O),l,-1 u,~ ce,~u~)q~, x, v,, = w,,,,, w,~, (6) 

where the U(n °) (~), V(n °) (r/) are  the normal Jordan forms of Un, Vn. They are  obtained by part ial  integration of 
Eqs. (4). Substituting (6) into (3), (4), we find the equations sat isf ied by the matr ices  ~n, Sn, 

a n - -  bra a n - -  b m ~ , 
m--~l m r 1  (7)  

N, NI 

n~=l bn - -  am minx bn ~ am 

Equations (7) can be rewri t ten  as 

N, ~b v(O),h -x N, ~ ~(o)m-z  
V,nq)n_ - m  m ",'m 

a~ - -  b m ~ ~ ~ n A n '  V ~ n -  b n -  a m 

Here An(~ , ~), Bn(~, 7) are  a rb i t r a ry  matr ix  functions commuting with the matr ices  U(n °) and V(n °), respectively.  
Their appearance in Eqs. (8) is re la ted to the obvious nonuniqueness in determining the matr ices  ~n, ~n. 

Equations (8) imply the eas i ly  verif ied re la t ion 

We consider the functional 

1 
where ~l, ~2, Hi, ~2 are  chosen arb i t ra r i ly ,  and find conditions such that the variat ion 5S vanishes. It is easy to 
check that var ia t ion with respect  to ~n, @n leads to Eqs. (7), while variat ion with respect  to g leads to Eqs. (9). 

Thus, the functional S is an action for Eqs. (7). If S is rea l ,  then Eqs. (7) are  a Hamiltonian sys tem for 
which the Hamiltonian and symplectic form are  evaluated in the obvious way. In general ,  the question of 
whether the Hamiltonian s t ruc ture  constructed is unique remains  open. 
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