
F t. The normal form of a singularity of the type F 4 is x 2 + y3 (the equation of the boundary is x = 0). The 

versa l  deformation is x 2 + y3 + )~xg + )~2x + ~lg + ~0 • Let us set  <z, z} = 24 )~ (z) . The quantity <V~i, V~j} 
occurs  at the in tersect ion of the row k i and the column ~i of Table 1 (cf. [10]). 

E 6. The normal  fo rm of a singulari ty of the type E G is x 3 + y4 + u (the equation of the boundary is u = 0). 
The ve r sa l  deformation is 

x a _I_ y4 q_ U q- K~xy 2 q- ~.aXy ~ ~,81j 2 "q- ~,~x -I- ~'lg -J- ~'o. 

Let us set <z, z> = 24 ~5 (z). The formulas  for  <V~, V~j} are given in Table 2. 
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B E N N E Y  E Q U A T I O N S  AND Q U A S I C L A S S I C A L  A P P R O X I M A T I O N  

IN T H E  M E T H O D  OF T H E  I N V E R S E  P R O B L E M  

V.  E .  Z a k h a r o v  UDC 517.9 

The sys tem of Belmey equations, whose study is one of the main objects of the present  art icle,  was in- 
t roduced in 1973 (see [1]) to descr ibe  long waves in shallow fluid with f ree  surface in gravitat ional  field. It 
has the fo rm 

h 

ht ~- div S u dz = 0, (1) 
o 

ut q- (uV) u q- wuz + Vh = O, 

wz + d ivu  = 0. 
(2) 

(3) 

Here r = (x, y) is a two-dimensional  vec tor  in the horizontal  plane, z is the ver t ica l  coordinate such that 0 < 
z < h, where h = h(r, t) is the fo rm of the fluid surface,  u = u(r, t) is the vec tor  of the horizontal  velocity and 
w = w(r, t) is the ver t ica l  component of velocity.  The accelera t ion due to gravi ty is set  equal to one. Benney 

L. D. Landau Institute for  Theoret ical  Phys ics ,  Academy of Sciences of the USSR. Translated f rom Funkt-  
s ional 'nyi  Analiz i Ego Pr i lozheniya,  Vol. 14, No. 2, pp. 15-24, Apri l-June,  1980. Original art icle submitted 
December  17, 1979. 
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e q u a t i o n s  a r e  ob t a ined  f r o m  e x a c t  equa t i ons  of h y d r o d y n a m i c s  as  the  z e r o  t e r m  of the e x p a n s i o n  in  the  p a r a m -  
e t e r  h / L ,  w h e r e  L is  the c h a r a c t e r i s t i c  wave l eng th ;  we do not  t a k e  any a s s u m p t i o n  about  the  p o t e n t i a l  of the  
f lu id  f low f o r  t h e i r  d e r i v a t i o n .  The e l e m e n t a r y  f r e q u e n c y  s o l u t i o n  of the  Benney  equa t i ons  u z = 0 and w = 0 
c o r r e s p o n d s  to  the  p o t e n t i a l  c a s e .  Then  u = u( r ,  t) and h = h( r ,  t) a r e  s u b j e c t e d  to the  c l a s s i c a l  h y d r o d y n a m i c a l  
e q u a t i o n s  of s h a l l o w  w a t e r  

ht -~- div h u  = O, 

u~+(uV) u + A h = 0 .  
(4) 

The s y s t e m  of Benney  equa t i ons  has  been  s t u d i e d  m a i n l y  in the o n e - d i m e n s i o n a l  v a r i a n t ,  when the d e -  
p e n d e n c e  on one of the  c o o r d i n a t e s  in the  p l ane  x, y ,  s a y  on y ,  i s  r e a l i z e d .  Then i t  has  the  f o r m  

h 

h~-t- ~ u d z = O ,  
o 

2 

u t -~- uu~ - -  u z f u j x  ~- h~ ~-- O. 
0 

The c o r r e s p o n d i n g  o n e - d i m e n s i o n a l  s y s t e m  (4) is  

(5) 

h~ -~- (hu)~ = O, u l ~- uu~ -~- h~ = 0. (6) 

We know tha t  s y s t e m  (6) has  an in f in i t e  n u m b e r  of i n t e g r a l s  of m o t i o n .  T h e s e  i n t e g r a l s  have the f o r m  

I = j '(I) (h, u) dx,  hOPh~ - -  (1)~,~ = 0. (7) 

As the  b a s i c  s e t  of i n t e g r a l s  we can  u s e  the  p o l y n o m i a l  s o l u t i o n s  of Eq.  (7). T h e s e  inc lude  

t a ( l ) l=  h, (:I).2= hu ,  q)3 ---- - t  ( hu~ ~- h2), ¢P 4 ~ --g- hu  @ h2u . . . . .  (8) 

The  Benney  equa t i ons  (5) a l s o  have  ana logous  i n t e g r a l s .  They w e r e  found even  in the  f i r s t  a r t i c l e  of 
Benney  [1] and s t u d i e d  by M i u r a  [2] and K u p e r s h m i t  and Manin  in  [3], who found s i m p l e  g e n e r a t i n g  func t ions  
f o r  t h e m .  All  t h e s e  i n t e g r a l s  depend  on m o m e n t s  of the  l ong i t ud ina l  v e l o c i t y  

A .  = .I u~' dz. (9) 

They  have  the  f o r m  I n = f ~ n d x ,  w h e r e  ~ n  is  a p o l y n o m i a l  in the  m o m e n t s .  In p a r t i c u l a r ,  

q:)l = A0, (I)2 = A1, (:I)a = A2 + A ~  . . . .  (10) 

F o r  u z = 0 t h e s e  i n t e g r a l s  t r a n s f o r m  in to  the  p o l y n o m i a l  i n t e g r a l s  (7) and (8). The  Benney  s y s t e m  is w r i t t e n  in 
a s i m p l e  m a n n e r  in the  m o m e n t s :  

O A  n O A n + l  • 0.40 
Ot + - Ox + nA,~_ 1 ~ = O. (11) 

I t  ha s  b e e n  shown in [3] t ha t  s y s t e m  (11) can  be e x p r e s s e d  in  the  H a m i l t o n i a n  f o r m  

0.4 
ot ~ {A,  I~} = 0 ,  (12) 

w h e r e  A = (A 0, A l . . . .  ) i s  the  s e t  of m o m e n t s  and the  s y m b o l  { } d e n o t e s  a P o i s s o n  b r a c k e t ,  hav ing  s u f f i c i e n t l y  
s p e c i a l  s t r u c t u r e .  It has  a l s o  b e e n  shown tha t  t he  i n t e g r a l s  I n wi th  r e s p e c t  to th i s  b r a c k e t  c o m m u t e ,  which  e n -  
a b l e s  us  to  c o n s i d e r  n h i g h e r  Benney  e q u a t i o n s ,  n ob t a ined  on r e p l a c i n g  13 by I n.  

The p r o b l e m  of the  H a m i l t o n i a n  s t r u c t u r e  of the  t w o - d i m e n s i o n a l  Benney  e q u a t i o n s  has  not  b e e n  c o n -  
s i d e r e d .  

The  e x i s t e n c e  of an in f in i t e  s e t  of c o m m u t i n g  i n t e g r a l s  has  l e d  to  the  c o n j e c t u r e  about  the  a p p l i c a b i l i t y  of 
t he  m e t h o d  of the  i n v e r s e  s c a t t e r i n g  p r o b l e m  to the  Benney  equa t ion .  

In t he  p r e s e n t  a r t i c l e  we w i l l  show tha t  t h i s  a p p l i c a t i o n  is  i ndeed  p o s s i b l e  in a c e r t a i n  s e n s e .  N a m e l y ,  
t he  Benney  s y s t e m  t u r n s  out  to  be  the  q u a s i c l a s s i c a l  l i m i t  of an in f in i t e  s y s t e m  of c o n n e c t e d  S c h r S d i n g e r  e q u a -  
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tions, whose integrability by the method of the inverse scattering problem was established long ago (Sec. 3). 
The existence of the quasiclassical limit of the systems that are integrable by the method of the inverse scat- 
tering problem is a sufficiently common fact- it is decomposed in simple examples in Sec. i. For the study 
of the Benney system its equivalence with a certain infinite system of hydrodynamical equations of dimension 

less by one turns out to be highly important. These systems are naturally connected also with equations of 

Vlasov type; Sec. 2 is devoted to their presentation and this connection. The passage to the language of an in- 
finite hydrodynamical system enables us to simplify very much the solution of the problem about the Hamiltonian 
structure of Benney equations -- they turn out to be trivial in the new variables. The most important result of 
the present article is the construction of new integrals of motion of the Benney system and that do not reduce 
the moments and the proof of their commutativity with respect to the new Hamiltonian structure. Certain gen- 

eralizations of the methods used in the article are set forth in Sec. 5. 

1.  Q u a s i c l a s s i e a l  L i m i t s  of  S y s t e m s  T h a t  A r e  I n t e g r a b l e  b y  t h e  

Method of the Inverse Scattering Problem 

Let us consider the system of equations in the function ~I,: 

~:,~ + uT = )~T, 

qr t = A~F. 

He re  A = ( 3 n / o x  n) + v l ( o n - 2 / 3 x  n-2) + . . . .  n = 2k + 1, is a l i n e a r  d i f f e r e n t i a l  o p e r a t o r  of odd o r d e r .  

as x ~ * ~ .  The cond i t ions  of s y m m e t r y  of Eqs .  (13) and (14) leads  to the n o n l i n e a r  equa t ion  in  u 

(13) 

(14) 

Let U, Vn~O 

d 
ut ----- ~ P~ [ul, (15) 

which r e p r e s e n t s  one of the h ighe r  ana logs  of the KdV equa t ion .  

Let us a c c o m p l i s h  the l eng then ing  of s c a l e s  with r e s p e c t  to x and t in s y s t e m  (13)-{14) so that  the s u b -  

s t i t u t i on  0 / 0 x  ~ e 0 / 0 x ,  0 / 0 t  ~ e 0 / 0 t  t akes  p lace .  M o r e o v e r ,  the n o n l i n e a r  o p e r a t o r  Pn  b e c o m e s  a po ly -  

n o m i a l  in powers  of e .  Let us now se t  e = 0. We ca l l  the equa t ion  

o 1) ~(e, [ul) v~t = lim 
8~0 

(16) 

so ob ta ined ,  the q u a s i c l a s s i c a l  l i m i t  of Eq.  (15). 

the compu ta t i on  of the i n i t i a l  equa t ion  (15). 

For this we make the substitution 

We show that Eq. (16) can be computed directly, bypassing 

in the equation 

% dx  

l~2 ~ e --oo (17) 

As a r e s u l t ,  we obta in  the R icca t i  equa t ion  

Equa t ion  (14) a l so  t r a n s f o r m s  in to  a n o n l i n e a r  equa t ion  in X, r e p r e s e n t i n g  a po lynomia l  in e .  
in t he se  equa t i ons .  The fo l lowing s y s t e m  of equa t ions  a r i s e s :  

(18) 

Let us se t  e = 0  

where  A(X) = X n + v x n - l +  
f o r m  

%2 -I- u = ~, 

0% 0 
o t  - -  o2 A (z)' 

• . . is  a po lynomia l  in  power s  of X. 

(19) 

The consistency conditions for system (19) have 

Ou O A  ~ O A  
= u x  =a:-.. - -  ~ X  

8 t  

(20) 
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(the der iva t ive  0A/Ox is taken for  constant  X). Equating the coeff icients  of like powers  of X on both the s ides 
of Eq. (20), we get a s y s t e m  of equations in the coeff icients  Vk: 

I~U x ~ 2 / } l x  ~ 

(n - -  2)u~vl = 2v~x, (21) 

f r o m  which v k can be found by the r e c u r r e n c e  method.  Equating the coeff icients  of the ze ro  power of X, we get  

~[t ?t t a u n _ l  (22) 
Ot ~ t t x t t n - 2  = ~n - -  t 2 n - 2  8 x  

Equation (22) is also the quas i c l a s s i ca l  l imi t  of a higher  KdV equation. Fo r  an o rd inary  KdV equation we have 

3 a 2 
n : 3 ut = --4--g-~ tt . 

It follows immedia te ly  f r o m  s y s t e m  (19) that  the quantity 

I ( )~)=  i ) ~ d x =  i ] / ) ~ - - u d x  (23) 
--co - . ~  

is an in tegra l  of s y s t e m  (22). 

Taking the l imi t  as ;~--* co in (23) and consider ing the expansion in powers  of 1/~,, we a r r i v e  at the s t a t e -  

ment  (however,  comple te ly  obvious) that the quant i t ies  I= = i u~dx  a r e  in tegra ls  of motion of Eq. (22). 
--co 

The following Poisson  b racke t ,  defined on functionals  of u, is connected with ope ra to r  {13): 

{a, 13}~ ~ ~a~ ax 6u 6~ ax ~ 

We compute the Po i sson  b r acke t  between the functionals  I(k) and I ( h ' ) :  

{I()~),I ' (k)} = ~ j \ I f L _ _ ~  a--~ y k' - -  ~ I.rF~--;_,~ a~ l i ~ _ ~  .l d x .  

By the s ame  token we have proved the fact  (which can be eas i ly  and d i rec t ly  verif ied)  that { In, Im} = 0. 

2 .  I n f i n i t e  S y s t e m s  of  H y d r o d y n a m i c a l  E q u a t i o n s  a n d  V l a s o v  E q u a t i o n s  

In Sec. 3 we show that Benney system (5) and hydrodynamical system (6) are quasiclassical limits of 
systems that are integrable by the method of the inverse scattering problem. As a preliminary it is neces- 
sary to represent the Benney system as an infinite system of hydrodynamical equations. 

Let ~ be a parameter that runs over a certain domain 2 in the k-dimensional real space R k. Let v(r, ~, t) 
and u(r, ~, t) be functions of ~, the vector coordinate r, and time t. Let us consider the system of equations 

~]t + divalu = 0, 
u~ q- (uV) u q- Vh = 0, (24) 

h ~  ~f ~ l (r ,~ , t )d~ .  
f~ 

We will cal l  s y s t e m  (24) an infinite hydrodynamica l  s y s t e m .  (We can a lso  give other examples  of infinite hydro -  
dynamica l  s y s t e m s .  Thus,  if we set  

t ~ • (r', ~, t) dr' 
h ( r , t ) ~ - - ~ - f f d ~  3 Ir__r,I  , 
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then we get an infinite hydrodynamical system that describes a gravitating gas.) System (24) is Hamiltonian; 

the method of introducing the Hamiltonian structure depends on the number l of components of vector r. In the 

one-dimensional case it can be introduced in the following manner: 

a 5[/ a 5H = 0 ,  (25) ~It + F V - - ~  ~ 0' Vt + az aq 

s 7 [:1 = -~- dx  d~ ~lv ~ + t - T  h ~ dx.  (26) 

System (25) admits the potential substitution u =/I~ x. 

form 

In the potential case the Hamiltonian structure has the 

5H 6H 
~h----- 6q) ' (I)t ~ 6u (27) 

for arbitrary I. 

In the one-dimensional case structures (25) and (27) are equivalent. In the general three-dimensional 

case the Hamiltonian structure is introduced with the help of the Clebsch variables (see, e.g., [5]) 

u---- vq) ÷ -~- v~. 

Now the  p a i r s  of v a r i a b l e s  (~,  V) and (X, #)  a r e  c a n o n i c a l l y  c o n j u g a t e .  In the  t w o - d i m e n s i o n a l  c a s e  the  H a m i l -  
t o n i a n  s t r u c t u r e  can  be ob t a ined  by the d e g e n e r a t i o n  of the  t h r e e - d i m e n s i o n a l  c a s e .  

Le t  us  a l s o  o b s e r v e  tha t  the  p a r a m e t e r  ~ is  de f ined  up to an i n v e r t i b l e  t r a n s f o r m a t i o n  ~ 4 ~ I = ~ ( ~ ) ,  ~ (~) = 

~7(<t')f'(~). 
The e q u a l i t y  u = u ( r ,  ~,  t) g i v e s  a mapp ing  of the d o m a i n  ~ into  a c e r t a i n  s e t  ~ of v a l u e s  of the  v e c t o r  u.  

Let  us c o n s i d e r  func t ion  f ( r ,  v ,  t) t ha t  i s  de f ined  by the  f o r m u l a  

/ (r, v, t) ~-- S ~1 (r, ~, t) 5 (v - -  u (r, ~, t)) d~. (28) 
~2 

t t  i s  e a s i l y  v e r i f i e d  by a d i r e c t  c h e c k  tha t  f s a t i s f i e s  the  V l a s o v  equa t ion  

~sa._c + v ~i~r - v h  TTas = 0, h = I i dr. (29) 

Thus ,  in th i s  c a s e  e a c h  s o l u t i o n  of an in f in i t e  h y d r o d y n a m i c a l  s y s t e m  g e n e r a t e s  a c e r t a i n  s o l u t i o n  of the  V l a s o v  
e q u a t i o n .  If r i s  a v e c t o r  of the  s a m e  d i m e n s i o n  k as  ~ and the d o m a i n  ~ can be  m a p p e d  s i m p l y  onto ~ ,  then  
we can  s o r t  out a l l  the  s o l u t i o n s  of the  V l a s o v  equa t ion  in  th i s  m a n n e r .  Let  th i s  be the so lu t ion  of the Cauchy  
p r o b l e m  wi th  the cond i t i on  

I (r, v, t)I~=o = ~ (r, v). (30) 

Let  us  c o n s i d e r  the  s o l u t i o n  of the  c o r r e s p o n d i n g  in f in i t e  h y d r o d y n a m i c a l  s y s t e m  with the  i n i t i a l  cond i t ions  

~1 (r, ~, t) l~=o = ~  (r, ~), u lt=° = ~" (31) 

(We do not  c o n s i d e r  h e r e  the  p r o b l e m  of e x i s t e n c e  and u n i q u e n e s s  of s o l u t i o n s  of the  c o r r e s p o n d i n g  i n i t i a l  
p r o b l e m s  .) 

The s o l u t i o n s  of p r o b l e m s  (30) and (31) wi l l  be e q u i v a l e n t  as long as  the  mapp ing  u ~ ~ r e m a i n s  i n v e r t i b l e .  

We i n t r o d u c e  new v a r i a b l e s  in the  s y s t e m  of Benney  equa t ions  (1)-(3);  we de f ine  the  v e l o c i t i e s  u and w 
p a r a m e t r i c a l l y  with the  he lp  of a p a r a m e t e r  ~ (0 < ~ < 1): 

u = u (r, ~, t), z = z (r, ~, t). (32) 

We r e q u i r e  tha t  the  func t ion  z ( r ,  ~,  t) m u s t  s a t i s f y  the  equa t ion  

zt + (uV) z = w. (33) 

93 



M o r e o v e r ,  we se t  

z(r ,  O, t) = O, z(r ,  l, t) = h ( r ,  

S imple  compu ta t ions  show that  u and V sa t i s fy  the s y s t e m  (24), where  

t). (34) 

1 

h (r, t) ~--- .f q (r, ~, t) d~. (35) 
0 

Thus,  the s y s t e m  of Benney equat ions  (1)-(3) is equ iva len t  to a two-d ime ns iona l  infinite h y d r o d y n a m i c a l  
s y s t e m ,  w h e r e t h e  in te rva l  0 < } < 1 p lays  the ro le  of the se t  ~ .  In the t w o - d i m e n s i o n a l  ca se  it g e n e r a t e s  c e r -  
ta in  p a r t i c u l a r  so lu t ions  of the Vlasov  equat ion .  In the o n e - d i m e n s i o n a l  ca se  it is equivalent  to the Vlasov  equa-  
t ion,  if u is a s i n g l e - v a l u e d  inver t ib le  funct ion of z f o r  each  x. In this  c a s e  only, the Benney s y s t e m  is equ iv -  
a lent  to m o m e n t a l  s y s t e m  (11). Func t ion  f ( x ,  v, t) has  a s imp le  phys ica l  meaning .  We in t roduce  the funct ion 
z = z{x, v, t) .  It fol lows f r o m  (28) tha t  f = ~ z / a v .  

3 .  B e n n e y  S y s t e m  a s  t h e  Q u a s i c l a s s i c a l  A p p r o x i m a t i o n  t o  a S y s t e m ,  I n t e g r a l s  

b y  t h e  M e t h o d  o f  t h e  I n v e r s e  S c a t t e r i n g  P r o b l e m  

Each  infinite h y d r o d y n a m i c a l  s y s t e m  has  a p a r t i c u l a r  so lu t ion  of the f o r m  

N 

'l (r, ~, t) = ~ q~b (~ --  ~,), (36) 

whe re  ~n is a se t  of points  of ~ .  In our  c a s e  a s s u m p t i o n  (36) m e a n s  that  the f luid is divided into N l a y e r s  with 
t h i c k n e s s e s  0n.  Ins ide  each  of these  l a y e r s  the ve loc i ty  u n of the fluid is cons t an t  with r e s p e c t  to z .  Equat ions  
fo r  the quant i t ies  On and u n have the f o r m  (we will  be i n t e r e s t ed  only in the o n e - d i m e n s i o n a l  case)  

0 
a~nat @ -J~x unqn ---- O, 

iv (37) 
~u n ~tun Oh V. 

a--T- +. u~--5-Zx + ---~-x = O, h =  ~ q~. 

F o r  N = 1 we ge t  s y s t e m  (4) f r o m  (37). 

Let  us c o n s i d e r  the Schr t id inger  s y s t e m  of n o n l i n e a r  equat ions  

N 

' r ,  h =  I¢ 1 (38) 

Making the  subs t i tu t ion  

--i  ~ UndX 

~n~-  V'~ne - ~  (39) 

in (38), we get  

@n @ a 
at -~z ~.u,~ = O, (40) 

8u n ~u n 8h a t 8 2 

Making the q u a s i e l a s s i c a l  p a s s a g e  8 / 0 t  ~ ~ O / 0 t  and 8 / 0 x  --* ~ O / 0 x  in (39), ~ ~ 0, we see  that  (40) t r a n s -  
f o r m s  into (37). Thus ,  the Benney s y s t e m  is the q u a s i c l a s s i c a l  l imi t  of the Schr i id inger  s y s t e m  of non l inea r  
equa t ions  (38). 

S y s t e m  (38) can be i n t eg ra t ed  [4] by the method  of the i nve r se  s c a t t e r i n g  p r o b l e m .  It  r e p r e s e n t s  the c o n -  
di t ion of c o n s i s t e n c y  of the two s y s t e m s  of equa t ions  f o r  the  (N + D - c o m p o n e n t  v e c t o r  X0, Xk (k = 1 . . . . .  N): 

~ R (41) Z o ~ = - - ~ Z o ~ -  , 
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iZ, (42) 

Xot = - -  ~ Xo 4- =2- R -~- -2- S - -  =2- uX°' (43) 

iX~ , ( i ) i 

N N 

R ---- ~ ~aTa., S = % ~ X a .  (44) 
k~l k=l 

We make substitution (39) and also the substitution 

i i i dx-~ + k:c i i " 

% ~ ~ d~-- ~-- undx-~- ~ -  Xx 
%o~- e -~ , %h~ ~e -~ -o~ 

{45) 

in Eqs .  (41)-(44) .  We s i m u l t a n e o u s l y  m a k e  the t r a n s f o r m a t i o n s  

0 # # # 
Ui--* e ~ ' ~TW - ~ e  o-%- 

and take limit as e ~ O. 

From Eq. (42) we get 

and E q s .  (41) and (43) t a k e  the  f o r m  

N 
% I}n 

X )~ _ ,% 
n =I 

- - + k - - - - 0 ,  (46) 

0x ~J(.@7~ ) ~-~f  h = 0 .  (47) 

It is easily verified that the condition for the consistency of Eqs. (46) and (47) coincides with system (37)° 

4 .  C o n s e r v a t i o n  L a w s  

S y s t e m  (46)-(47) a c t u a l l y  a r o s e  in the  t h e o r y  of Benney  s y s t e m  and has  been  u s e d  f o r  the  c o m p u t a t i o n  of 
i n t e g r a l s  of m o t i o n .  H o w e v e r ,  only  one in f in i t e  s e r i e s  of i n t e g r a l s  has  b e e n  c o m p u t e d .  We show how to c o m -  
pute  the  o t h e r  s e r i e s .  Le t  us  o b s e r v e  tha t  Eq.  (46) d e t e r m i n e s  X(X) as  an a l g e b r a i c  func t ion  on an (N + 1) -  
s h e e t e d  R i e m a n n i a n  s u r f a c e .  Le t  X ~ ~ .  On each  s h e e t  of the  R i e m a n n i a n  s u r f a c e  t h e r e  e x i s t s  an a s y m p t o t i c  
e x p a n s i o n  of the  func t ion  X in p o w e r s  of 1 / X .  It  f o l l ows  f r o m  (47) tha t  the  quan t i t y  

I(k) = S xdx (48) 

is  an i n t e g r a l  of m o t i o n .  Al l  t e r m s  of the  a s y m p t o t i c  e x p a n s i o n  of func t ion  I(~)  o n e a c h  s h e e t o f  the  R i e m a n n i a n  
s u r f a c e  a r e  a l s o  i n t e g r a l s .  One of t h e s e  s h e e t s  i s  d i s t i n g u i s h e d  (we c a l l  i t  the  z e r o  s h e e t ) .  On i t  ~( - -  - X as  
X - -  ~ ,  and Eq .  (46) can  be  e x p r e s s e d  in the  f o r m  

c¢ 

x 

E x p a n d i n g  X in the  a s y m p t o t i c  s e r i e s  X ~-- - -  k q- k~  , we c o m p u t e  the  c o n s e r v a t i o n  l aws  I~-.~ d)~dx. 

All  ~ n  can  be  e x p r e s s e d  in  t e r m s  of the  m o m e n t s  An; the  f i r s t  of t h e m  a r e  g iven  by E q s .  (10). T h e s e  c o n s e r -  
v a t i o n  laws  have  a l s o  b e e n  c o m p u t e d  in [1] by B e n n e y .  
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The r e m a i n i n g  N shee t s  of the Riemannian  s u r f a c e  can be defined as fol lows:  On the k - th  shee t  ~( 
u k - ~ k / x  a s X - - ~ .  Setting X = x k + u k  , w e g e t  

\ y, ) Z~" + ~. ~ ~ _ %  • 
n~k 

X k << Uk - Un fo r  X ~ ,o and 

% k cc s 

s ~ 0  

(49) 

H e r e  

c~ k 

Substi tut ing X k in the f o r m  ) ~  ~ , -~-~  

new in teg ra l s  of mot ion  

J ; = ( -  1 ) ~  ~ 
~ (% _ %)~+1 ( 5 0 )  

in Eq.  (49) and equat ing the coef f ic ien ts  of like powers  of l / X ,  we find 

i q J n d x ,  n =  t ,  . . . , ~c,  k =  l . . . .  , N .  (52) 

Moreover, 

( +V- 5- /  m~ = -  n~, m~ = n~(u~ + J~) = n~- ~ , ~ _  % / , . . .  • (53) 

All ~ s  k a r e  e x p r e s s e d  in t e r m s  of ~]k, Uk, and Jk  / . 

In the gene ra l  cont inuous case ,  f o r  each  n t h e r e  ex i s t s  a f ami ly  of the in tegra l s  In( ~ ) that  depends on a 
p a r a m e t e r  ~, 0 < ~ < 1. To compute  t h e m  we can  use  Eq. (48), having subs t i tu ted  ~ fo r  k and having s e t  

1 

n (~') d~'. (54) J'(~) = ( -  1). i (~(~)-~i~,)) ~+~ 
0 

The p r inc ipa l  va lue  of the in t eg ra l  in (54) is taken.  

We a l so  note  tha t  Eq.  (46) can  be wr i t t en  in the f o r m  

~ ÷ ~)~-1 ÷ . . . .  0. 

T h e r e f o r e ,  the in t eg ra l s  of mot ion  a re  connec ted  by the r e l a t ion  

N 

I ~ - -  ~, I~=-0 .  (55) 

In the cont inuous  c a s e  

1 

o E " 
I n  -~ l I n  (~) d~ = O. 

0 

(56) 

The ex i s t ence  of the Hami l ton ian  s t r u c t u r e  (25) f o r  the Benney equat ion enables  us to define the P o i s s o n  b r a c k e t  
be tween  any two funct iona ls  ~ and fl f r o m  ~n(X, t) and Un(X , t): 

{~,~} = dz  ~ o ~ + ~ gx 6~,~ 
6u n Ox &% 

n = l  - - ~  

Let us computeShe  P o i s s o n  b r a c k e t  be tween  the func t iona ls  I(X) and I(X') .  We have 
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{I (;~)' I (~"} = ~ i d x (  OX(L')o% 
? z ~ l  ~ e c  

a a~(~) + ax(~) a ax(L'),~ 
am a% au n ax O~ln ]" 

H e r e  func t ions  X(X) and X(X') m a y  be s i t u a t e d  on d i f f e r e n t  s h e e t s  of the  R i e m a n n i a n  s u r f a c e .  

(ss) 

From (46) we have 

a)~ (L) 1 J 0Z G) ~ 1 
I 

a~la ~ ) ~ - - u  n au n z~ (Z--un)~ ' 
N 

A = l - -  {;~ -- u~2j " 
t,'=l 

(59) 

Substituting (59) in (58), after certain transformations we get {I(X), l(k') } = 0. Thus, all the integrals of the 
Benney system are found in involution. 

5. Multidimensional Generalizations 

The above-considered examples enable us to suggest a method, not at all connected with the method of the 

inverse problem, to construct multidimensional dynamical systems that have an infinite number of integrals of 
motion. Let the function X = X(X, x), x = {x I ..... Xn}, satisfy identically with respect to the parameter k 
the following two equations simultaneously: the algebraic equation 

F (Z) = ~, (60) 

w h e r e  F is  a r a t i o n a l  func t ion  of X with  c o e f f i c i e n t s  depend ing  on x i ,  and the d i f f e r e n t i a l  equa t ion  

div A = 0. (61) 

H e r e  A = { A 1 . . . . .  A n } i s  a r a t i o n a l  v e c t o r - v a l u e d  func t ion  of X with  c o e f f i c i e n t s  depend ing  on x i .  D i f f e r -  
e n t i a t i n g  (60) wi th  r e s p e c t  to  x i ,  we ge t  

o1: o% o17 
ox oz i + ~  ~ 0 "  (62) 

On the o t h e r  hand,  (61) can  be w r i t t e n  in  the  f o r m  

i=l  

In E q s .  (62) and (63) the  d e r i v a t i v e s  O F / 3 x  i and 3 A / 0 x  i a r e  t a k e n  f o r  c o n s t a n t  X. 

F r o m  E q s .  (62) and (63) we g e t  the  cond i t i on  fo r  the  c o n s i s t e n c y  of E q s .  (60) and (61): 

n 

a% Oz~ ax ax i =0 .  
i = 1  

(63) 

(64) 

Cond i t i on  (64) r e p r e s e n t s  the  r e q u i r e m e n t  tha t  the r a t i o n a l  func t ion  G of X be equa l  to  z e r o  and i m p o s e s  
a f in i t e  n u m b e r  of r e l a t i o n s  on the  c o e f f i c i e n t s  of the  func t ions  F and A i .  A s y s t e m  of p a r t i a l  d i f f e r e n t i a l  e q u a -  
t i ons  a r i s e s  tha t  obv ious ly  has  an in f in i t e  n u m b e r  of i n t e g r a l s  of m o t i o n .  

The  Benney  s y s t e m  and the q u a s i c l a s s i c a l  l i m i t s ,  c o n s i d e r e d  in Sec .  1, of h i g h e r  KdV equa t ions  a r e  o b -  
v i o u s l y  s y s t e m s  of the  type  {64). We c o n s i d e r  an e s s e n t i a l l y  m u l t i d i m e n s i o n a l  e x a m p l e .  Le t  the  func t ions  F 
and A i have  d i s t i n c t  s i m p l e  po le s :  

N Nk 

F 
x -- % x -- qD~ 

k ~ l  i ~ l  
(65) 

The q u a n t i t i e s  f k ,  Uk, a i k ,  and ~ ik  a r e  unknown func t ions  of x i .  Two such  func t ions  a r e  c o n n e c t e d  wi th  e a c h  
po le  of F and A i .  S ince  no two p o l e s  c o i n c i d e ,  e a c h  s i m p l e  pole  of F and A i l e a d s  to  a s i m p l e  and a double  pole  
of G, i . e . ,  g e n e r a t e s  two d i f f e r e n t i a l  e q u a t i o n s .  Thus ,  the  n u m b e r  of equa t ions  in  (64) is  equa l  to  the  n u m b e r  
of untmown f u n c t i o n s .  It i s  not  n e c e s s a r y  to  w r i t e  out t h e s e  e q u a t i o n s ,  s i n c e  t h e i r  a p p l i c a t i o n s  a r e  not  known. 
N e v e r t h e l e s s ,  the  p o s s i b i l i t y  of c o n s t r u c t i o n  of m u l t i d i m e n s i o n a l  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  a d m i t t i n g  an in -  
f i n i t e  n u m b e r  of i n t e g r a l s  of mo t ion ,  is  of f u n d a m e n t a l  i m p o r t a n c e .  
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SECOND TERM OF THE SPECTRAL ASYMPTOTIC E:~PANSION 

OF THE LAPLACE - BELTRAMI OPERATOR ON MANIFOLDS WITH 

BOUNDARY 

V .  Y a .  I v r i i  UDC 517.944 

I N T R O D U C  T I O N  

In this a r t i c le  we t r a c e  the main  points of the proof  of an asympto t ic  f o r m u l a  of Weyl. 

Let X be a d -d imens iona l  compac t  Riemann C~-man i fo ld  with boundary Y E C ~ ,  let A be the L a p l a c e -  
B e l t r a m i  ope ra to r  on X, let ~g = - -  h + ~ '  , where  ~ '  is a f o r m a l  se l f -adjo in t  d i f ferent ia l  opera to r  of the 
f i r s t  o rde r ,  let A±: L2(X) ~ L2(X) be a se l f -ad jo in t  extension of ~g to the domain consis t ing of functions which 
sa t i s fy  the boundary condition 

(+) 

or  

u l r  = O, ( - )  

and let  n be the unit in te r io r  n o r m a l  to Y. Let  N+(X) be the number  of e igenvalues  of A .  (counting multiplicity) 
which do not exceed  ~ 2. 

We cons ider  S ' X ,  the f ibe r  of cotangent  unit sphe re s  over  X, where  we identify the points (x, ~) and (x, V) 
i f x  E Y, ~ - V  =kn(x).  We will call  a curve  in S*X 

dp__ t 
d-~ - ~ -  n g @ ,  

where  g(x, ~ ) is a Riemann quadrat ic  f o r m  and Hg is a Hamil tonian field genera ted  by g; in addition, a geo -  
desic  mus t  lie, except  pe rhaps  fo r  i ts  end points,  in S* (X \ Y); t (length) is an in t r ins ic  p a r a m e t e r  along a 
geodes ic .  We will ca l l  a cu rve  in S*X a geodes ic  b i l l i a rd  if it cons is t s  of segments  of geodes ics  such that  the 
end of the preceding  segment  and the init ial  point of the following segment  belong to S*X [ y and a re  equivalent;  
the length t is an in t r ins ic  p a r a m e t e r  along geodes ic  b i l l i a rds .  

It is  poss ib le  to show that  the re  ex is t s  a se t  Z c S*X of f i r s t  Ba i re  ca tegory  and m e a s u r e  ze ro  such 
tha t  it is poss ib le  to draw through each  point of S ' X \  E a geodesic  b i l l ia rd  which is infinitely long on both 
s ides  and which l ies  in S*X \ E such that each of i ts  in te rva ls  of finite length contains a finite number  of 
components ,  and all of the geodes ics  enter ing it  a r e  t r a n s v e r s e  to the boundary.  Thus a m e a s u r e - p r e s e r v i n g  
continuous flow O(t) is given on S*X \ E . We will cal l  a point p ~ S*X \ E per iodic  if there  ex is t s  t ;~ 0 
such that  O (t) p = p .  

Magni togorsk  Mining-Meta l lurg ica l  Inst i tute .  T rans la t ed  f r o m  Funkts ional 'ny i  Analiz i Ego Pr i lozheniya ,  
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