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A b s t r a c t  

This article deals with the studying of the interaction of gravity waves propagating on the surface of an ideal fluid of 
infinite depth. The system of the corresponding equation is proven to be integrable up to the fourth order in power of 
steepness of the waves, but to be nonintegrable in the next, fifth, order. An exact formula for the five-wave scattering matrix 
element is obtained using diagram technique on the resonant surface. The stationary solutions of the five-wave kinetic 
equation are studied as well. 

I .  I n t r o d u c t i o n  

In this article we study interaction of  gravity waves propagating in one direction on the surface of  an ideal 

fluid of  infinite depth. The problem is of  a big theoretical and practical importance. It is known from experiment 

that the distribution function of  wave energy even in the active zone of  a storm is almost one-dimensional in 

the energy-containing domain. Even more this is correct for the "swell" far away from the active zone. The 

point of  common belief is that the main mechanism of  wave interaction is four-wave scattering, satisfying the 

following resonant conditions 

O)k "~- O.)k I --'(-Ok 2 "~- O-)k 3 ,  k + kl  = k2 + k3 (1.1) 

here ki are the wave vectors of  the interacting waves, and tok = x / ~  is the dispersion law. The corresponding 

effective Hamiltonian has the form 

7-[ = cokaka~dk + -~ lk2k3,k,~lak2ak3tSk+k~_~2_k3dkdkldk2dk3 + . . .  (1 .2)  

(a t  are complex amplitudes of  propagating waves [ 1-3] ) and the corresponding kinetic equation is 

0n f - -  = ~ IT~3128k+k,-k2-k38,,k+,,k,--~ok2--~ok3 {nk2nk3 (nk + nk, ) -- ntnk, (nk2nk3) }dk ldk2dk3  (1.3) 
Ot 

This equation is exactly equivalent (see [4] ) to Hasselmann's equation, derived first in 1962 [5] .  Eq. (1.3) 
is entirely adequate for the situation when ki are two-dimensional vectors. But it completely fails in the 

one-dimensional case. 
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Eqs. (1.1) have in the one-dimensional case two types of solutions: 

1. The trivial solutions: 

k2 = kl, k3 = k, or k3 = kl, k2 = k. (1.4) 

Here k and kl can have same or opposite signs. 
2. The nontrivial solutions (k2 v~ k, kl).  

These solutions exist only if the products kkl and k2k3 have opposite signs. They can be described analytically 

as follows. Let k > 0, kl > 0, k2 < 0, k3 > 0. Then 

k = a ( 1  4-~-)2, kl = a ( 1  4-~-)2~-2, k2 = - a (  2, k3 = a ( 1  4-~-4-~,-2)2 (1.5) 

If one of the conditions (1.4) holds, the expression 

nk2nk3 ( nk 4- nkx ) -- nknk~ ( nk:nk3 ) 

is equal to zero. So, the trivial solutions do not put any contribution to the kinetic equation (1.3). This is 
irrelevant if all the wave numbers have the same sign (waves propagate in the same direction). But even for 

waves propagating in the opposite directions, four-wave interaction vanishes. As it was shown by Dyachenko 
7-kk~ is identically equal to zero and Zakharov [6], the coefficient . k2k3 

Tk kkl 2k3 =-- 0 

on the manifold (1.5). 
This remarkable identity means that the system (1.2) is approximately integrable and the kinetic equation 

appears for the next order only 

On 
- -  = s t ( n , n , n , n ) .  
at 

Here st(n,  n, n, n) is the collision term due to five-wave interaction, which is governed by the following resonant 

conditions 

wk + Wk, + wk2 = wk3 + wa ,  k 4- kl 4- k2 = k3 + k4 (1.6) 

The corresponding Hamiltonian has the form 

/ . l /  
~ = w~akakdk + -~  T2k3~[2{a~a~,a*k2ak3ak4 + c.c.}6k+kl+k2-k3-adkdkldk2dk3dk4 + . . .  

The expression st(n,  n, n, n) looks like 

7"g f klk2k32 rr f ,T~3[2fkk2k3~k, dk2dk3dkgdk,,  s t ( n , n , n , n )  = -~ IT~5 I fk, k2k3kksdkldkzdk3dk5 - 

f k~ k2 k3k4k5 = Sk~ +k2 + k3 -ka --ks ~okt +~okz +oJk 3 --o~k 4 --o~k 5 

× (nk, nk2 nk3 (n~a + nks ) -- n~a nk5 (nk, nk2 + nk, nk3 + nk2 nk3 ) } ( 1.7) 

The expression (1.7) was found by Krasitskii [7]. He also found "in principle" the expression for T~k~ k2. 
But his final formula is extraordinarily complicated and cumbersome and can hardly be used for any practical 
purpose. He used the technique of canonical transformation which excludes gradually the low order nonlinear 

terms in the Hamiltonian. 
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Tkkl k2 In this article we evaluate the coefficient "k3k4 on the resonant surface (1.6). Our final formulae are 
astonishingly simple. This is one more miracle in the theory of surface waves. We also find Kolmogorov's 
solution of the stationary equation 

s t (n ,n ,n ,n )  =0 

We will use a technique different from that used in [ 1-3,5]. 

2. Conformai  canonical variables 

The basic set of equations describing a two-dimensional potential flow of an ideal incompressible fluid with 

a free surface in a gravity field fluid is the following one: 

~bxx +,~z~ =0 (~bz ~ 0 , z  --, -co) ,  

4,z z-.' ~(a'2+'~z2)+g~ 0~=,7; rh + r/x~bx = fit + 7 "~x = 

here r l (x , t )  is the shape of a surface, dp(x,z,t) is a potential function of the flow and g is a gravitational 

constant. As was shown by Zakharov in [1], the potential on the surface ~b(x, t) = ~b(x, z, t)Iz=n and r/(x, t) 
are canonically conjugated, and their Fourier transforms satisfy the equations 

0¢k o~ o~Tk 67-t 
at 6rl;' at - 8~b;" 

Here 7-/= K ÷ U is the total energy of the fluid with the following kinetic and potential energy terms: 

r/ 

l j  j g/ 
K = ~ dx v2dz, U = ~ rl2dx 

--oo 

A Hamiltonian can be expanded in an infinite series in powers of a characteristic wave steepness kr/k < <  1 
(see [ 1,2] ) by using an iterative procedure. All terms up to the fifth order of this series contribute to the 

amplitude of five-wave interaction. 

Here we prefer to do that performing first a certain canonical transformation from the variables ¢, ~7 to new 

canonical variables. 
Let us perform, following Kuznetsov, Spector and Zakharov [8], a conformal mapping of the domain 

z < r l (x , t )  to the lower half-plane of the complex variable w = u+iv,  - o o  < u < oc, - ~  < v < 0. The shape 

of the surface is parametrized by two functions 

z(u,t), x(u,t) 

which are connected by the Hilbert transformation 

x ( u , t ) = u - f l ( z ( u , t ) ) ,  Je/(f(u))  = 1p.v. f f(.__ut)dU'u, - u 

We introduce also the complex velocity potential 

qO(w, t) = ~ ( u , v , t )  ÷ iO(u ,v , t )  

On the surface (v = O) 
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O(u, O, t) = H ( ~ ( u ,  O, t) ), 

New canonical variables can be obtained using the variational principle for the action. With the old variables 
the action is 

After confonnal mapping [8] it acquires the form: 

S = / L d t ,  L =  f { g r ( z t x u - X t Z u ) + ½ g t H g t u - ½ g Z 2 x u } d u .  

The Lagrangian function L can be rewritten as 

L = / { z t ( g C x u  -~I(gCzu))  + ½g"H~u - ½gyZxu}du. 

and the new canonical variables are z (u, t) and 79(u, t) = ~Xu - O(gtzu).  gt can be easily inverted as 

79Xu + fI(79Zu) 
= x. 2 + z~ (2.1) 

and the Hamiltonian of  the system is 

= { g z 2 x .  -  eO eu}du 

where ~ is equal to (2.1), The equations of  motion can be written in the explicit Hamiltonian form which 

includes the integral Hilbert's operator: 

07 9 8H O z 87-[ 
o - 7  = - T [ z  ' o t  - 

3. Perturbation expansion for the Hamiltonian 

One can introduce a new variable $ as 

x = u + ~ ,  xu = l + Ycu, Yc = -Ielz 

Then 

P + 79You + 0(79z , )  
(1 -{- 2u12 .-I- z2 u 

Now one can expand g" in powers of  2,  and z, 

= aft(l) ÷ ~ ( 2 )  ÷ I/F(3) ÷ ~i~(4) ÷ . . . .  

g~(1) = 7:', g,(2) = t r i (z ,p)  _ .rcu79, 
~.(3) = 7i9(~2u __ Z 2 ) __ 2.~,u~1(ZuTig) ' ~¢~.(4) = .pyCu(3Z2u _ yc 2) + (3~2u _ z2)fi(zu79) 

The Hamiltonian of  the system is 
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1 S = ~ { g z ~ ( 1  + ~ u )  - ~eB~e.}du 

Now ~ can be expanded as follows 

here 

7-/ ----~'/2 -1-"}'/3 -~- ~-/4 -1-7-/5 -Jr- • • • 

237 

(3.1) 

' i  7-[2 = (gz 2 - ~(l)fflg'(ul))du, 7-[3 = -~ (gz2Y¢, -- 2g~(2)f-lg'(ul))du, 

7-[4 = -~1 fj(2g,(3)je/~tt u(1) + ~<2~e~2))du, 7% = - f ( ~ 4 ) , q ~ , ~ , )  + ~,~3~11~,~2))d u 

Let's introduce the Fourier transform: 

fk  = " - ~  f (u)e- ikUdu,  f ( u )  = fkeikUdk 

After simple, but somewhat tedious calculations one can find 

, ~ 2 =  1 S(gl<  + i k l lT :>k l2)d /<  ' 

1 S Zt,{&,t~t~Zk~Zt~ -- F~t~'Pt~Pt~}<~k~+k2+k~dkldk2dk3, ~3 = ~ ~  

1 f kl k2 J Mk3k4Zk~Zt27~t379k4 k~+t2+t3+adkidk2dk3dk4, 7-t4= 

1 .f kl k2k3 ~5 = 2(2rr)-~ __ N~k5 Zkt Zk2Zk3"P~ 79 k56k~+tE+k3+k4+tsdkidk2dk3dk4dk5 

Here Sklk2k3, Fk~ hAklk2 and g kik2t3 k2t~ . . . .  k3~ k4ks are the functions symmetric in upper and lower groups of indices. Namely 

Sk, t=k, = g (  g Ik~l + Ikel + Ik31), Zk, t~ = kik2 + Iklk2l 

Utgk, = t-t ,k~ + t - t , k ,  = Ikll(Ikll + Ik21 + Ik31) (3.2) 

M kik= and N klk=k3 The expression for k3a ~ks are given in Appendix A. 
It is convenient to introduce a normal complex variable at 

* - i~  2~(ak a* Yt = ~l-g-Z(ak + a_k),  "Pt = - - t )  v zg V O)k 

which satisfies the equation of motion 

Oat .87-[ 
0--7- + tg77~.~a t =0.  

here o)t = V ' ~  is the dispersion law for the gravity waves. 
In the normal variable at the second order term in the Harniltonian acquires the form: 

i 7"[2 = to takakdk  

The third order term is: 
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1 f lzkl ra* ~ 7"(3 = ~ rk2k3~ k~Uk2Uk3 + ak~a*k2a*~3}6~,-k2-k3dkldk2dk3 

I f  . +-~ Uk, t2t3{aklak2ak3 -% ak~a*k2a*k3}Skl+k2+k3dkldk2dk3 (3.3) 

1 

V~ a g~ (Iklk2k31¼ / ~ ( ) k2 k3 
= Ik~l- [ k - ~  Ik21- \k~k2J Ik31 

U k l k 2 k  3 = 2 ~ - - ~ ( I k l [  + Ikzl + Ik3l) Iklk2k3l ~ + \ k 2 k 3 ,  t \ k l k 3 ]  Ik3l 

The fourth order term in the Hamiltonian consists of three terms: 

7-/4 ---- ~'/I ¢~'0 -% ~t~3¢~-1 + ~t./2¢:~2 

describing different types of the wave-wave interactions. The term corresponding to the 4 ¢~ 0 interaction has 
the form: 

~4~o= i f  . . . .  a 2-4 Rktk2k3k4 (ak~ak2a*3ak4 + ak, ak2ak3ak4) kl+k2+k3+k4dkldk2dk3dk4 

where Rlqk2k3k4 is: 

1 1 
~ klk3 4Mklk 3 klk4 - -1 klk2 4Mklk 2 -% -% 4Mk12 ~ 

Rklk2k3~ = - ~  ~ k3k4 ~ k2k4 

+ k2k3 ¼ ~sk~ k2k4 ¼ ,sk2*. k3k4 ¼ k~*~ 
klk4 '"klk4 q- klk3 "*klk3 -% k - ~  Mklk2; (3.4) 

The term corresponding to the 3 ¢~ 1 interaction has the form: 

7~3.~1 1 f /'l * *a* * 6 = ~ G,~,3 ~(a~la*~ak~ak, +a,lak~ k~a~4) k~-k2-k3-t~dkldk2dk3dk4 

where G~*k3k4: 

- klk3 4~tt-klk3 klk4 4tot_klk 4 k, -1  ([klk2 'Mk~4k2 + + 
Gk2k3k4 = ~ ~ l k---~4 k2k4 ""k~k4 k2k3 ""k2k3 

kEk3 t lolk2k 3 k2k4 ¼MkEk 4 k3k4 ¼ k3k~ ) 
klk4 . . . .  klk4- ~ -klk3- k~2 M-klk2 (3.5) 

The term corresponding to the 2 ¢:> 2 interaction has the form: 

7_/42~ 2 1 / = "~ W~a~,a~zak, ak~t3k,+kz-k,-k~dk~dk2dk3dk4 

iMk~ k2 where ,. k3k4 : 

--1 (k~k2 ¼M_g~_k: k~k3 ~-k~k~ k~k4 ¼M_k~k~ 
~ka = - ~  . k3k4 k~k~ -- ~2k4 ""-kzk4-  k2k3 k~-k2 

1 1 I 
kEk3 iM_kEk~ k2k4 ~' k -- M- 2k~ k3k4 ~Mkak ~ 

- -  k l k 4  -k,k.4 ~ -klk 3 + ~ -k,-~2J (3.6) 
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Among the different terms of the fifth order we consider only the term corresponding to the process ( 1.6) : 

KS = ; 
J 

Q;;;"J {a;,a;2a;3ak@k, + c.c.}~k,+kz+k,-kq-ksdk,dkZdkgdkqdkg 

4. Effective four-wave Hamiltonian 

The Hamiltonian ti in the normal variables ak is too complicated to work with. Our purpose is to simplify 

the Hamiltonian to the form: 

FL= 
J 

ukbkb;dk + ; J T,k~k4?b;,b;zbk,bk,6k,+k,-k,-k,dk,dk2dk3dk4 

1 

+12 J T,ka,kSZk3{bk*,b~2b~3bk4bk5 + c.c.}Sk,+kz+k3-kq-ksdk,dk2dk3dkqdks 

TO do that we have to perform a transformation (Zakharov, 1975 [9], Kmsit&ii, 1990 [ 101) 

ak=bk + J rkk,k$k,bkzak-k,-kz - 2 J r$$,bkzsk+k,-k2 

+ J rkk, k& b;$k+k, fk2 f J Bkkl b* b b S kzkl k, k2 ks k+kl -kz-k3 f . . . 

Here 8$, is an arbitrary function satisfying the conditions: 

B -kk, _ -k,k 

k2k3 - Bkzk3 
= B& =-(Bgy 

(4.1) 

(4.2) 

The transformation (4.2) is canonical up to terms of the order of lbkj4. It excludes from the Hamiltonian 

all cubic terms. The form of the Tiii, depends on the choice of the function B$. Let first B$ = 0. Then 
Tkkl = fkki 

kz k, kzks and 
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~kkkl -~ wktk 1V'k V'k3 [ 1 1 ] 
2k3 k2k3 - -  2 k2k-k2  k~k3-k l  (.Ok 2 .4_ O)k_k2 (.Ok + - -  OJkj • O ) k 3 - k  I - -  (.Ok3 

__ 1 l]kl v k3 [ 1 + 1 ] 
2 "k:kt --k2 kk3 - k  tOk2 ~ ¢"Okl - k 2  - -  O)kl ('Ok "~- (-Ok 3 - k  - -  ('Ok 3 

- 2  k3k-k3  k l k 2 - k l  O)k3 ..]_ O)k_k3 _ (.Ok OJkl ..4_ O.)k2_kl _ tOk2 

1 wk t v k  2 ('Ok3 "[- ¢Ok!-k3 - -  O')kl O')k -~- ( 'Ok2-k - -  ('Ok2 2 Vk3kl --k3 "kk2 - k  -~" 

1gk+klgk2+k3 [ 1 + 1 ] 
2 kkl kzk3 O.)k+k I _ O.)k _ (,Ok t O.)k2+k3 _ (.Ok 2 _ O.)k 3 

1 [ 1 + 1 ] (4.3) 
- - ~ U - k - k l k k l  O - k 2 - k 3 k 2 k 3  O')k+kl + t-Ok + O)k~ O')k2+k3 _~ O)k2 + O')k3 

The expression (4.3) in spite of its complexity has some remarkable properties. Let us consider all nontrivial 
solutions of Eqs. (1.1). They consist of the manifold (1.5) and of seven other manifolds which are obtained 
from (1.5) by the permutations 

k ~-~ kl, k2 +-+ k3, (k, kl) ~ (k2, k3) 

Direct analytic calculation shows that 

~ k  kkl 2k3 :--0 

on all these manifolds. Recently Craig and Worfolk [14] confirmed this cancellation by an independent 
calculation. Another remarkable feature of -pkkt is the simplicity of its diagonal part. Let us denote "k2k3 

,pkkl 
Tkkl = " kkl 

A simple, but long calculation ([6,11 ] ) shows that 

1 
Tkk, = -U~2 kkl min{Ikl, Ikll} 

Let us consider the function 

Tk  kkl _~ [ l ( T k k  2 .4- Tkk3 + Tk lk  2 -~- Tk l k3 )  _ l ( T k k  + Tk lk  I -~_ Tk2k 2 ..~ Tk3k 3 )  ] O (  k k l k 2 k 3 ) ,  2k3 

1, if x > O; 
O ( x ) =  O, i f x < O .  

Obviously 

~rk~k, ÷kk, = rkk, 
kl = * kkl 

Let us choose 

-rkk, _ ~kk, 
~ k k t  * k2k3 k2k3 

k2k3 -~ g.O k ..[_ tOkl _ tOk2 _ (.Ok 3 

q~kk, by 7~kk' So, one can assume in future that One can check that this transformation replaces,  k2k3 "k2k3" 

Tkk~ ~ k k l  
k2k3 = "k2k3 

In the case of periodic boundary conditions 
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bk = Z bn8k-k°n 
n = -- (x) 

Introducing the notation 

Tkonkonl nnl 
(okon -~ ('On, kon2kon3 -~ Zn2n3 

we can find that now 

cgbn .87"[ 
+ , _ - - - - 0  

a---T ot,~ 
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7-£ = ~ (onlb,[ 2 + ~ ~ T""' I.*h* ~. , n2//3 Un unl Un2 u/13 Un+nl ,n2+n3 
n=--OO n,nl,n2,n3=-- oo 

In the canonical transformation (4.2) all the integrals are replaced now by discrete sums. In particular instead 
~ k k l  w e  have now o f  ~'k2k3 

-nnl -- ~konkonl 
B n2 n3 - U kon2 kon3 

Let us choose 

B nnl = T~3  - Tnn'~n'n28nhn3 -- Znn16n'n38nl'n2 (4.4) 
n2n3 

(On "~ (Onl --  (On2 - -  (On3 

This expression has no singularities on the diagonals n2 = n, n3 = nl and n2 = nl, n3 = n. The transformation 

(4.2) with (4.4) brings the Hamiltonian to Birghoff 's form 

1 cx~ 
7"[ = Z (Onlbn[2 q- "4 ~ znn'  Ibn[Z[bn' 12 (4.5) 

n=--oo n,nl=--oo 

This is a Hamiltonian of  an integrable system. A level of  nonlinearity, allowing the representation (4.5),  has 

to be studied separately. 

5. Five-wave interaction on resonant surface 

To find Tkk3k~4 k~ one can calculate the terms of  the order of  b 3 and b 4 in the canonical transformation (4.2). 

This very cumbersome procedure was fulfilled by V. Krasitskii [7].  This is a kind of  feat, but the resulting 

formulae are so complicated that they can hardly be used for any practical purpose. In this article we offer a 
much more simple and clear way to T~k~ k2 involving a Feynman diagram technique for the scattering matrix. 

Our intermediate formulae are very complicated also, due to one-to-one correspondence of  each term in the 
expression to a certain graphic picture, however all the procedure is very easily controlled. It is very remarkable 

that our final formula is very simple. 

First we introduce so called formal classical scattering matrix. Let 

H = / / 2  + Hint  

be a Hamiltonian of  a some nonlinear system in a homogeneous space. Here 1-12 = f (okaka~dk, and Hi,t is in 

general case an infinite series in power at ,  a~, 
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Hint = H3 + H4 + . . .  

The motion equation is as usual 

aak 6H 
at +iy2-Z_, = 0 . 6 a  k (5.1) 

One can change H to the auxiliary Hamiltonian 

= H 2  + e - e l t l H i n t  

Now Eq. (5.1) becomes linear at t ~ + ~  and 

a k (  t )  ~ "~: --i~okt ~ k e , t --~ - l - ~  

-4- 
The asymptotic states c~ are not independent, and actually 

+ ~ , [ c ~ - ]  C k = 

S,[c~-] is a nonlinear operator which can be presented as a series in powers of c - ,  c-*.  We will treat this 

series as formal one and will not care about its convergence. A formal series which is a result of the limiting 

transition 

3[c~-] = l imS , [ck ]  
e- - -*0  

is the formal classic scattering matrix. It has the following form 

2¢ri f Snm(k,k~ . . . .  k n - 1 ; k n  . . . .  kn+m-l) ~¢[c~-1 = c~- - 
( n - - - l i ! m !  " " 

n+m>_3 

X ( ~ k +  k l  + . . .  + k , ,  _ 1 - -  k,, - . . .  - k , , + m -  1 ( ~ o J k  + a ) k  1 + . . . + w k  n _ 1 - -  o g k n  - - . . .  - -  w k ,  ~ _ I 

× C - k ,  . . .  C k,,-i Ck. "" "Ck . . . .  1 d k l  . . .  d k n + m - I  (5.2) 

The functions Snm are the elements of the scattering matrix. They are defined on the resonant manifolds 

k + k j  + . . .  + k n - 1  = kn 4- . . .  4- k n + m - l ,  Wk 4- (Ok I 4- . . .  4- 09k._, = (-Ok, 4- . . .  4- Wk.+m_ l (5.3) 

Two basic properties of the matrix elements are important for us. 

(i) The value of the matrix element S ,m  on the resonant manifold (5.3) is invariant with respect to canonical 

transformation (4.2). 

(ii) There is a simple algorithm for calculation of the matrix elements. The element S ,m  is a finite sum of 

terms which can be expressed through the coefficients of the Hamiltonians Hi, i <_ n + m .  Each term 
can be marked by a certain Feynman diagram, having no internal loops. The rules of correspondence are 
described in Appendix B. 

Actually the classical scattering matrix is nothing but the Feynman scattering matrix taken in the 'tree' approx- 

imation. This approximation makes a number of terms finite for any element. 
Our idea how to find T kklk= is the following. We calculate first nonzero elements of the scattering matrix for k3k4 

the Hamiltonian (3.1) and for the Hamiltonian (4.1). Because these two Hamiltonians are connected by the 
canonical transformation (4.2), the results must coincide. For surface gravity waves the first nontrivial matrix 
element is $22. In terms of the Hamiltonian (4.1) it is 
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$22 (k, kl, k2, k3) - T kk~ -- k2k3 

Being calculated for the Hamiltonian (3.1), this element consist of  six terms. They are presented (together with 

the corresponding diagrams) in Appendix B. One can see that the result coincide with the expression (4.3) on 

the resonant manifold (1.1). 

In the one-dimensional case the first integral in (5.2) can be calculated so that the first two terms in (5.2) 

has the form 

o o  

+ = c~-(1 - 7ri f [c~,12dk~) 
c~ I,o~ - ,oh, I 

- - O O  

(5.4) 

This formula one more time stresses the fact that four-wave nonlinear processes in the one-dimensional case 

lead only to trivial scattering which does not produce "new wave vectors". The integral in (5.4) diverges 

logarithmically. That is why our scattering matrix is "formal". In reality in the one-dimensional case the waves 

don ' t  become linear indeed if t ~ ~ .  They acquire a logarithmically growing phase (see Zakharov, Manakov 

[131).  
The first nontrivial element of  the scattering matrix in the one-dimensional case is 

Tkkl k2 $32 (k, kl, k2, k3, k4) = "k3~4 

Being calculated in terms of  the initial Hamiltonian (3.1) it consists of  81 terms. Their expressions together 

with diagrams are presented in Appendix C. 
7"kk~k2 it can be enormously simplified on the resonant In spite of  the complexity of  the expression for "k3k4 

manifold. We will discuss here only the case when all ki in the resonant conditions 

k + kl + k2 = k3 + k4, Wk + tOk~ q- tOk 2 = Wk3 + ~Ok4 (5.5) 

have the same sign. 

The manifold (5.5) can be parametrised as follows 

k = a ( p  2 - q2 + 1 - 2p) 2, kL = a ( p  2 - q2 + 1 + 2p) 2, k2 = 16a, 

k3 = a ( p  2 - q2 + 3 - 2q) 2, k4 = a ( p  z - q2 -k- 3 + 2q) 2, (5.6) 

here 0 < IPl, ]ql < 1, IP + ql < 1 ,a  > 0. It is easy to see that ki here satisfy the inequality: 

k, ki < k3, k4 < k2 

Tkkl k2 Plugging the parametrization (5.6) in the expression obtained for "k3k4 we get a sum of  more than thousands 
terms. Using the program for analytical calculations 'Mathematica' we manage to simplify this expression to 

the following form 

Tkklk2k3 _ 2 ~/(.OklO.)k2Wk3 klk2k3kak5 (5.7) 
4k5 gl/~77"3/2 V tOk4a)k 5 m a x ( k l , k 2 , k 3 )  

This formula is the main result of  the presented article. The fact that T~k~ ~z 4= 0 on the resonant surface means 

that the system of  gravity waves on a surface of  deep water is a nonintegrable Hamil tonian system. 



244 A.1. Dyachenko et al, / Physica D 87 (1995) 233-261 

6. Five-wave kinetic equation and its solutions 

,~kel for 3 ¢* 2 process along with "k2e3 The matrix element Jk2k~k4 Tek' allows us to derive kinetic equation which 
includes four- and five-wave interactions• 

The dynamical equation for bk (with the Hamiltonian (4.1)) is: 

3be 1 / 
--3t +itokbk + i~ T~Ee 3eel bk l, be2 be3 t3e+kl -~2-~3 dkl dk2dk3 

1 f 7~ab~EbZ, b&bes6e+e2+e,_k4_k, dk2dk3dk4dk5 +ig 
+i-~l J T~k 5kle2k3 be bezbe~be5 = 0. (6.1) 

Introducing standard pair correlation function ne 

(bkbe,) = nerVe_el 

we can derive from (6•1) the equation for he: 

One = I f T eel * * m ] e2e3 (bkbkl be2bk3)t~k+el-e2-hdkldk2dk3 3t 
1 f T  ee2k~ *b* * +~Imj he~ (bk e2beabhbks)6e+e2+k3-ka-ksdk2dk3dk4dk5 

-- ./ Tklk2k3 * b* * b ~Im "ee5 (be~ k2be3 ebks)t~kt+kz+k3-e-esdkldk2dk3dkdk5 

It is obvious that "e2e37"ee~ contributes to the equation for the fourth-order correlator, while T el~kSk2e3 contributes to 
the equation for the fifth-order correlator only (due to the fact that the seventh-order correlators vanish), The 
fifth-order correlation function /b* b* L, l, ~ \ \ el e2ue3uk4ves! can be expressed through the eighth-order correlator: 

(0 
- i(toel + toe2 + toe3 - we4 - wes) (be 1 k2be~bk4bes) 

-- t-~" 1 j Tp4psklp2p3 (bk2* be 3. bp4* bps* be4 bk5 bp2 bp3 ) t~kl +P2+P3 -P4 -P5 dp2 dp3 dp4dp5 

i 1 f ~k2P2P3 b* * b* 
"4 J P4P5 (b~l k3bp4 psbk4bksbp2bpa)t~e:+pz+p3-p4-p5dp2dp3dp4dp5 

+i~ f ~k3P2P3 J P4P5 (b~lb~:bp4b*p~bk4besbp:bpa)6ka+p:+p~-p4-psdp2dpadp4dp5 

. 1 / ~  *b* * * -t-~ 7~lpP2P3(bel e=be, bp, be, bp, bpzbp3)t~pl+m+p,_k4_p, dp, dp2dpadp5 
, i  

• 1 f Tplp2p ~/l~* b* b* b* -t-6 j ksp5 \Vk~ k2 k3 psbk4bplbpzbp3)~pl+p2+p3-ks-psdpldp2dp3dp5 

Applying random phase approximation for the eighth-order correlator (to split it in a product of pair correlation 
functions) and assuming slow variation in time for the fifth-order correlator, one can get the following expression 

b .  . * for ( el bez bg3 bk~ bk5 I" 

• b* '-* b ~ \ ='n-T~kk~6,o~+,o~+~,~ _,o~ _~% Im(be I ezVe~ ~4ve~l 

× { nkl nkz nk~ ( n h -~- nk5 ) -- nh ne5 ( nkl he: -q- nkl nka ~- He 2 nk 3 ) } (6.2) 

In (6.2) we drop the terms which are out of the resonant surface. For the fourth-order correlator we have the 
following equaton [ 15]: 
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Im(b~ b'k, bk2 bk~) = ¢rT~k2~3 f,ok+,ok, --o~ 2 --,% {nk2 nk3 (nk + nkl ) -- ntnk, (nt2 + nt3 ) } (6.3) 

Substituting (6.3) and (6.2) into the equation for nk we get the five-wave kinetic equation: 

0nk 
. . . . .  s t ( n , n , n )  + s t ( n , n , n , n )  

Ot 

7"I" f klk2k3 2 klklk3 "11" f kk2k3 2 kklk3 st(n,n,n,n) =-~ IT,t, [ f~t, dkldk2dk3dk5-~ [T~k, [ f~t, dk2dk3dk4dks, 

f t kk' = fit+h, - k2- t, fo, k + o,,, -,o, 2 -~,k, { nk2 nk, ( nk + nt, ) -- nknk, ( nk2 + nt3 ) } 2k3 

ft,k4tsk2 k3 = ft, +t2+t3 - t4 - k5 6,% +o~k2 +o, k3 -,ok4 -,ok~. {nt ,  nk2 nk3 ( n~  + nk5 ) -- n,4 nk5 ( nt, nt2 + nk, nk3 + rig2 nk3 ) } 

As it was shown in the Introduction, In the one dimensional case s t ( n ,  n, n) - 0 and we end up with the pure 

five-wave kinetic equation: 

3nk 
. . . .  s t ( n ,  n, n, n)  (6.4) 

3t 

Eq. (6.4) formally preserves two integrals of motion, energy 

E = / w k n t d k ,  
, I  

o 

and momentum 
OO 

P = / k n t d k  

o 

(We consider the case when all ki are positive.) The stationary equation 

s t ( n ,  n, n, n) = 0 (6.5) 

has thermodynamic solution 

T 
n k - -  - - .  

tot + a k  

Like the four-wave isotropic kinetic equation, Eq. (6.4) describes direct and inverse cascades. The inverse 
cascade is the cascade of energy, which is a real constant of motion and is carried towards small k. It is 
described by the following Kolmogorov solution of Eq. (6.5) 

( 1 )  ---- o l ( l ) e l / 4 ] k [ - 2 5 / S  
n k 

Here • is the energy flux, cr ~1) is the Kolmogorov constant. 
A corresponding energy spectrum is 

Eo~dto = toknkdk,  Co, = a(l)el/4¢.o -17/4 

Direct cascade is a transport of momentum towards the large wave numbers. It is described by the Kolmogorov 
solution 
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n~ 2) = a(2)#l/41k]-13/4 

Here ~ is the momentum flux, a ~2) is the Kolmogorov constant. 
Now 

~oJ = O'(2) / J~ 1/40-)-9/2 

Due to the direct cascade the momentum is not a real constant of motion, it leaks permanently to the large k 
region. A more detailed description of the Kolmogorov spectra in the one-dimensional case will be published 
separately. 
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Appendix A 

A.1. 4th and 5th-order terms of the Hamiltonian 

The first part of "~"[4 is 

7 - [ 4 i s t = - l - f 2 ~ ' ( 3 ) H q ~ ( l ) ' d u = - . f 7 9 ( x ' 2 - y ' 2 ) H T ~ ' d u + 2 f  x ' H ( y ' 7 9 ) H T ~ ' d u 2  

1 
/ Ik31 (Iklk21 + klkz)zk, ZkzPk379k4~k,+k2+k3+k4dkldkzdk3dk4 

2~r 

+ 1~. f i k I i k2lk3lSk2+k 4 zk, zk279k3 Pk4 ~k, +k2 +k3 +/~ dkl dk2dk3dk4 

The second part of ~'~4 is 

,~t./42n d 1 / 1 / = --~ gs(Z~H~(2~'du = - ~  ( y ' ~ ) H ( y ' P ) '  + (x"P)H(x'~P) ' + 2(x'~P) (y '~) 'du  

In the k-space it acquires the form: 

j..~42nO 1 / = 4--~ {(Ik~k21 - klk2)lk2 + k4l + (Ik~lk2 - kllk=l)(k2 + k4)} 

X Zkl Zk2 7~k3 ~f)k4 t~kl +k: +k3+k4 dkl dk2dk3dk4 

The first part of 7~5 is 

f f Ik4l{(aklk= + [klkEI)lk31 + (3[klk21 + klkz)sk3+ksk3} 7-L5 TM = -- q~(4)H~(l)t du - - -  3 
(27r)~ 

× zkl zk2 zk37~47~k56k~ +k2+k3+~ +~5 dkl dk2dk3dk4dk5 

The second part of 7-[5 is 

(A.l.1) 
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7-~52nd=- f ~(3)H~(2)'du= f T~(x'2-y'2)(z'79)'du + /79(x '2-z '2)H(x '79) tdu 

-2  f x 'H(z'79)(z'7: ' t) 'du-2 f x'H(zt79)H(xtp)tdu 

1/ 
= - (27r)---~_~ {(Ik~kzl + klk~)(k3(k3 + k4) + [k311k3 + k41)} 

× zk~ zkz zk3 79~4 79~ ~k~ +~ +ka+~4+k~ dk~ dk2dk3dk4dk5 

(2"/7") ~ Ikl[k3Sk3+k4(k2(k2 ÷ k5) + Ikzllk2 ÷ k5 I) 

× Zk~ Zk2 Zk379~479k~ t3kl +k2 +k3 +k4+k5 dkl  dkzdk3dk4dk5 

The Hamiltonian can be written in symmetrical form: 

7"[= ~1/(glz~12 + ikllT~kl=)dk + ~I /{S~,k~z~,z~z~ - F~k~ z~t79~279t,3}~k,+k:+~3dkldkzdk3 

1 / M k ~  ~- Zk2"~ k3"~k4 t~kl +k2+ka +k4dkl dk2dk3dk4 

1 f Nk~kzk ~ _ -k 2 (2~)~  J ~4~ ~'~Zk~Zk~79~79k~ki+k2+k~+~+k~dk~dk2dk3dkadk5 

where Sklk2k3 , Lk, k: and F~k~k~ are defined in (3.2),  and 

Mkl k2 1 k3k4 = (Ik3[ q- ]k41) (klk2 + Iklk21) + 4Z-klk 2 ([kl -~- k3]-q-[kl + knl ÷ Ik~ + k31 + Ik2 + k4[) 
+½( ]kllk2(2kz + k3 + k4) + k~ Ikzl(2k~ + k3 + k4)) 

+lk~ Ik2( [k3[sk~+~ + Ikalsk2+k~) + kl Ik=l(Ik31s~,+~, + ]kalSk~+k~) 

247 

(A.I .2)  

N k l  k2 k3 k,k~ = -  (Iklkzk3l + Ikllk2k3 + k~lk21k3 + klkmlkal)([k4[ + IksI) 
+k~k2k3 . 

" - - ~  t [k4l(sk,+k~ + Skz+k~ + Sk3+k~) + Ik~l(S~l+g, + S~z+k, + S~+~,)) 

+lk41~ Ik~ll~31s~l+~ + [~llk~lk31s~+k~ + Ik~ll~21k3s~+~ 

-- l {Lkl,k2Lk3,k3+k4 + Lk3,k2Lki,kl+~ ÷ Lkl,k3Lk:,k2+k4 

"}-Lkl ,k2Lk3,k3+k5 + Lk3,k2Lk~,k~+k5 + Lkl ,k3Lk2,k2+k5 } 
- ½{Ik~l( k3 < Lk=,k=+~,Sk3+~ + Lk2,k2+k~ Sk3+~,) + k2< Zk3,k~+k, Sk2+k~ + Zk~,k~+k~ Sk2+~) ) 
+lk21 ( k3 ( Lkl,kl+~ sk3 +ks + L~l.hm +k~ Sk3+~ ) + kl ( Lk3,~+t. Ski+ks + Lk~,k3+k5 Sk~ +~ ) ) 
+lk3l ( k2( L~:l.k~+~skz+k 5 + Lkl.l,l+ksSk~+~) + kl (Lkz.k2+~Skl+k~ + Lk2,k2+ksSkt+k4) ) } 

Appendix B 

Let us introduce basic object of  diagrammatic technique we use in this work. 
(i) Bare fourth order vertex with 2 incoming and 2 outgoing wave vectors: 
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(ii) 

W k, k2 
k3k4 

Bare third order vertexes U and V: 

1 

(iii) Bare Green function G ( k ,  w ) .  

k, o9 I 
~ G ( k , w )  = - -  

0 9  - -  C.O k 

Note, that each vertex has just one straight line and others are wavy. 

In order to calculate fourth order interaction matrix element we have to add to bare fourth order vertex 

all possible combinations of lower order vertexes (third order in this particular case) connected with Green 

function in such a way, that the resulting diagrams have 2 incoming and 2 outgoing wave vectors and having 

no internal loops. 

It is easy to see, that the only way to fulfill these requirements is to connect 2 third order vertexes by one 

Green function. As the result we have 6 topologically different arrangements. The arguments k and w of internal 

Green function should be calculated from resonant conditions (I.  1). Since we are on the resonant manifold it 

does not matter do we calculate arguments k and oJ of Green function from left or from right vertex, because 
it they both give the same result. This reflects the fact that two ratios in each line in square brackets of (4.3) 

are equal to each others. This removes extra 1/2. 

v kl+k2vk3+k4 [ 1 ] 
-- klk2 k3k4 ( . O k l + k 2  _ O.)k 1 _ O9k2 
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1 ] 
- - U - k  I -k2klk2U-k3-k4k3k4 [(,Okl+k 2 ÷ (-Ok 1 -~- O.)k2 

_Vk ~ V g 4 [ 1 ] 
k3kl-k3 k2k4-k2 tOk3 ÷ O)kl-k3 -- O')kl 

--V~4k2-k4 tOk4 ÷ tOk2-k 4 --  tOk2 

_ 

--Vk3k2-k3Vkl~-tl tOk3 ÷ tOk2-k 3 -- a~k2 

Appendix C 

Following the same steps as in the Appendix B, we can construct diagrammatic series for five order matrix 
element Tkkk~4 ~2. We have to combine all third and fourth order vertexes in such a way that we have 2 "incoming" 
arguments and 3 "out-coming" arguments. The result of course will be the same if we would consider 3 

"incoming" arguments and 2 "out-coming" arguments. Considering all possible topologies consistent with 
definitions of  vertexes and Green functions and without internal loops, we conclude, that there exist 60 diagrams 
constructed from three third order vertices and 2 Green functions and 20 diagrams constructed from one three 
order vertex, one four order vertex and one Green function. We call these two groups "3+3+3"  and "4÷3"  

correspondingly. 
Below are the diagrams and analytical expressions for "3÷3+3"  and "4÷3" terms. Together with the bare 

fifth order vertex Qkp~qk2k3 this sum gives the full fifth-order interaction matrix element Tkp~ k2k3 or T~2k 3. We used 
these expressions as an input to Matematica, therefore notation here is slightly different. 
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•Q .1 2 ,  

3 1 2 

3 1 2 

V(k2  q. k3, k2, k3) V ( p  q. q, k l , k 2  q. k3) V ( p  q. q , p , q )  

(~o(k2) q. o~(k3) - ~o(k2 q, k3))  (o~(p) q, ~o(q) - ~o(p q. q) ) 

U ( k l , - p  - q, k2 q, k3) U ( p , q , - p  - q) V (k2  q, k3, k2, k3)  

( ~ ( k 2 )  + oJ(k3) - ~o(k2 q. k3) ) (~o(p) q. ~o(q) q, ~ ( p  q. q ) )  

U(k2,  k 3 , - k 2  - k3) V ( k l , p  q. q , - k 2  - k3) V ( p  q, q , p , q )  

(o~(k2) q, oJ(k3) q. ¢0(k2 q, k3))  (~o(p) q. oJ(q) - o~(p q -q ) )  

U(k2 ,  k 3 , - k 2  - k3) U ( p , q , - p  - q) V ( - k 2  - k 3 , k l , - p  - q) 

(~o(k2) + oJ(k3) q. ~ ( k 2  q. k3))  (~o(p) q, oJ(q) q, oJ(p q, q ) )  

V ( k 2 , p ,  k2 - p )  V(q ,  k3, - k 3  + q) V ( - k 3  + q, kl ,  k2 - p )  

(a~(k2) - ~o(k2 - p )  - ~ ( p )  ) ( -~o(k3)  - ~o(k3 - q) + o~(q) ) 

U ( k l ,  k3 - q, k2 - p )  V(  k2 ,p ,  k2 - p )  V(k3, q, k3 - q) 

(oJ(k2) - ~o(k2 - p )  - ~ ( p ) )  (oJ(k3) - ~o(k3 - q) - ~o(q)) 

V ( k l , - k 3  + q , - k 2  + p )  V(p ,  k 2 , - k 2  + p )  V(q ,  k 3 , - k 3  + q) 

( -~o(k2)  - ~o(k2 - p )  + a~(p)) ( - o J ( k 3 )  - a~(k3 - q) + ~o(q)) 
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2 1 3 

V(k3, q, k3 - q) V(p, k2, - k 2  + p) V( - k 2  + p, k l ,  k3 - q) 

( - t o ( k 2 )  - to(k2 - p )  + t o ( p ) )  ( to (k3)  - to(k3 - q)  - t o ( q ) )  

V(k3,p ,  k3 - p)  V(q, k2, - k 2  + q) V ( - k 2  + q, k l ,  k3 - p)  

( to (k3)  - to(k3 - p )  - to(p))  ( - t o ( k 2 )  - to (k2  - q)  + t o ( q ) )  

U ( k l , k 2  - q, k3 - p )  V(k2,q,  k2 - q) V(k3,p ,  k3 - p )  

( t o (k3 )  - to(k3 - p )  - to(p))  ( to (k2)  - to (k2  - q)  - t o ( q ) )  

V ( k l , - k 2  + q , - k 3  + p) V(p,  k 3 , - k 3  + p) V(q, k 2 , - k 2  + q) 

( - t o ( k 3 )  - to(k3 - p )  + t o ( p ) )  ( - t o ( k 2 )  - to (k2  - q)  + t o ( q ) )  

V(k2,  q, k2 - q) V(p, k3, - k 3  + p )  V ( - k 3  + p,  k l ,  k2 - q)  

( - t o ( k 3 )  - to(k3 - p )  ÷ t o ( p ) )  ( to (k2)  - to (k2  - q)  - t o ( q ) )  

V(k l  + k3, k l ,  k3) V(p + q, k2, kl + k3) V(p + q,p, q) 

( t o ( k l )  + to (k3)  - t o ( k l  + k 3 ) )  ( t o ( p )  + t o ( q )  - to (p  + q ) )  

U( k2, kl  + k3, - p  - q) U(p,q ,  - p  - q) V( kl  + k3, k l , k 3 )  

( t o ( k l )  + to (k3)  - t o ( k l  -t- k 3 ) )  ( - t o ( p )  - t o (q )  - to (p  + q ) )  
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U ( k l , k 3 , - k l  - k3) V(k2,p  ÷ q , - k l  - k3) V(p ÷ q ,p ,q)  

( - t o ( k l )  - to(k3)  - t o ( k l  ÷ k 3 ) )  ( t o ( p )  + t o ( q )  - t o ( p  ÷ q ) )  

U ( - k l  - k3, k l , k3)  U ( p , q , - p  - q) V ( - k l  - k3, k 2 , - p  - q) 

( - t o ( k l )  - to(k3)  - t o ( k l  ÷ k 3 ) )  ( - t o ( p )  - t o (q )  - to (p  ÷ q ) )  

V(k3,p,  k3 - p )  V(q, k l , - k l  + q) V ( - k l  + q, k2, k3 - p )  

( to (k3)  - to(k3 - p )  - t o ( p ) )  ( - t o ( k l )  ÷ to (q)  - t o ( - k l  ÷ q ) )  

U(k2, kl - q, k3 - p)  V(k l ,q ,  kl - q) V(k3,p,  k3 - p )  

( to (k3)  - to(k3 - p )  - t o ( p ) )  ( t o ( k l )  - to (q)  - t o ( - k l  ÷ q ) )  

V(k2, - k l  + q, - k 3  + p)  V(p, k3, - k 3  ÷ p) V(q, kl,  - k l  ÷ q) 

( - t o ( k 3 )  - t o ( k 3 - p )  + t o ( p ) )  ( - t o ( k l )  + t o ( q )  - t o ( - k l  ÷ q ) )  

V(k l ,  q, kl - q) V(p, k3, - k 3  + p)  V ( - k 3  + p, k2, kl - q) 

( - t o ( k 3 )  - t o ( k 3 - p )  + t o ( p ) )  ( t o ( k l )  - to (q)  - t o ( - k l  ÷ q ) )  

V(k l , p ,  kl - p)  V(q, k3, - k 3  + q) V ( - k 3  + q, k2, k l  - p )  

( t o ( k l )  - t o ( k l  - p )  - t o ( p ) )  ( - t o ( k 3 )  - to(k3 - q )  + t o ( q ) )  
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L3 1 ~  

U(k2 ,  k3 - q, k l  - p )  V ( k l , p ,  k l  - p )  V(k3 ,  k3 - q , q )  

( t o ( k l )  - t o ( k l  - p )  - t o ( p ) )  ( to (k3)  - to(k3 - q)  - t o ( q ) )  

V ( k 2 , - k 3  + q , - k l  + p )  V(p ,  k l , - k l  + p )  V(q ,  k 3 , - k 3  + q) 

( - t o ( k l )  - t o ( k l  - p )  + t o (p )  ) ( - t o ( k 3 )  - to(k3 - q)  + to (q )  ) 

V(k3 ,  k3 - q , q )  V(p ,  k l , - k l  + p )  V ( - k l  + p ,  k3 - q, k2) 

( - t o ( k l )  - t o ( k l  - p )  + t o ( p ) )  ( to (k3)  - to(k3 - q)  - t o ( q ) )  

V ( k l  + k2, k l , k 2 )  V ( p  + q, k3, k l  + k2) V(p  + q , p , q )  

( t o ( k l )  + to (k2)  - t o (k l  + k 2 ) )  ( t o ( p )  + to (q)  - t o (p  + q ) )  

U ( k 3 , k l  + k 2 , - p  - q) U ( p , q , - p  - q) V ( k l  + k2, k l , k 2 )  

( t o ( k l )  + to (k2)  - t o ( k l  + k 2 ) )  ( - t o ( p )  - to (q)  - t o (p  + q ) )  

U ( k l , k 2 , - k l  - k2) V ( k 3 , p  + q , - k l  - k2) V ( p  + q , p , q )  

( - t o ( k l )  - to (k2)  - t o ( k l  + k 2 ) )  ( t o ( p )  + to (q)  - to (p  + q ) )  

U ( k l , k 2 , - k l  - k2) U ( p , q , - p  - q) V ( - k l  - k2, k 3 , - p  - q) 

( - t o ( k l )  - to (k2)  - t o ( k l  + k 2 ) )  ( - t o ( p )  - to (q)  - to (p  + q ) )  
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2 3 1 

- q ~ q ~ ~ p  

V(k2,p,  k2 - p) V(q, k l , - k l  + q) V ( - k l  + q, k3, k2 - p )  

( to (k2)  - to(k2 - p )  - t o ( p ) )  ( - t o ( k l )  q- to (q)  - t o ( - k l  q- q ) )  

U(kl  - q, k3, k 2 -  p) V (k l , q ,  kl - q) V(k2,p,  k2 - p) 

( to (k2)  - to(k2 - p )  - t o ( p ) )  ( t o ( k l )  - t o (q )  - t o ( - k l  + q ) )  

V(k3, - k l  + q, - k 2  + p) V(p, k2, - k 2  + p) V(q, k l ,  - k l  + q) 

( - t o ( k 2 )  - to (k2  - p )  + t o (p )  ) ( - t o ( k l )  + to (q)  - t o ( - k l  ÷ q)  ) 

V(k l , q ,  kl - q) V(p, k 2 , - k 2  + p) V ( - k 2  + p, k3 ,k l  - q) 

( - t o ( k 2 )  - to(k2 - p )  + to (p )  ) ( t o ( k l )  - t o (q )  - to( - k l  + q)  ) 

V(k l , p ,  kl - p)  V(q, k2, - k 2  ÷ q) V ( - k 2  + q, k3, kl - p) 

( t o ( k l )  - t o ( k l  - p )  - t o ( p ) )  ( - t o ( k 2 )  - to (k2  - q)  + t o ( q ) )  

U(k3, k2 - q, kl - p) V ( k l , p ,  kl - p) V(k2, q, k2 - q) 

( t o ( k l )  - t o ( k l  - p )  - t o ( p ) )  ( t o (k2 )  - to (k2  - q)  - t o ( q ) )  

V(k3,  - k 2  + q, - k l  + p) V(p, k l ,  - k l  + p) V(q, k2, - k 2  + q)  

( - t o ( k l )  - t o ( k l  - p )  + to (p )  ) ( - t o ( k 2 )  - to (k2  - q)  + to (q )  ) 
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1 p 2 

1 p 2 

1 p 2 

2 p 1 

V(k2,q,  k2 - q) V(p, k l , - k l  + p )  V ( - k l  +p ,  k3, k 2 -  q) 

( - w ( k l )  - w(k l  - p )  + w ( p ) )  (w(k2)  - o J ( k 2 -  q) - w ( q ) )  

V(k2 + k3,k2, k3) V(k2 + k 3 , p , - k l  + q) V(q, k l , - k l  + q) 

(a~(k2) + w(k3)  - w(k2 + k3)) ( - w ( k l )  + w(q)  - o~(-k l  + q) ) 

V (k l , q ,  kl - q) V(k2 + k3, k2, k3) V(p, kl - q, k2 + k3) 

(w(k2)  + t o ( k 3 )  - w ( k 2 +  k3)) ( to(k l )  - w(q)  - w ( - k l  + q) )  

U(k2, k 3 , - k 2  - k3) U ( p , - k l  + q , - k 2  - k3) V(q, k l , - k l  + q) 

( - w ( k 2 )  - w(k3)  - o~(k2 + k3))  ( - o J ( k l )  + w(q)  - w ( - k l  + q) ) 

U ( k 2 , k 3 , - k 2  - k3) V(k l ,q ,  kl - q) V(k l  - q , p , - k 2  - k3) 

( - w ( k 2 )  - to(k3) - w(k2 + k3) ) ( w ( k l )  - aJ(q) - o J ( - k l  + q) ) 

V(k l  + k3, kl ,  k3) V(k l  + k3,p, - k 2  + q) V(q, k2, - k 2  + q) 

( w ( k l )  + w(k3)  - w(k l  + k3))  ( - w ( k 2 )  - t o ( k 2 -  q) + w ( q ) )  

V(k2, q, k 2 -  q) V(k l  + k3, kl ,  k3) V(p, k 2 -  q, kl + k3) 

( w ( k l )  + w(k3)  - o~(kl + k3))  (w(k2)  - o J ( k 2 -  q) - w ( q ) )  
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3 p 1 

3 p 1 

2 \  

3 p 1 

3 p 1 

3 - q ~  

q ~  2 ~  

~1 ,q 2 ~ 

U ( k l , k 3 , - k l  - k3) U ( p , - k 2  + q , - k l  - k3) V(q, k2 , - k2  + q) 
( - t o ( k l )  - to(k3) - to(kl  ÷ k3))  ( - t o ( k 2 )  - to(k2 - q) + to(q) )  

U ( k l , k 3 , - k l  - k3) V(k2,q, k 2 -  q) V ( k 2 -  q , p , - k l  - k3) 

( to (k l )  ÷ to(k3) ÷ to(kl  ÷ k3))  (to(k2) - to(k2 - q) - to(q) )  

V(kl  + k2,kl ,k2)  V(kl  + k 2 , p , - k 3  + q) V(q, k3 , - k3  + q) 
( to (k l )  + to(k2) - to(kl  + k2))  ( - t o ( k 3 )  - to(k3 - q) + to(q) ) 

V(kl  + k2,kl ,k2)  V(k3,q, k 3 -  q) V(p, k 3 -  q, kl + k2) 

( to (k l )  + to(k2) - to(kl  + k2))  (to(k3) - to(k3 - q) - to(q))  

U ( - k l  - k2,kl ,k2)  U( -k3  + q , - k l  - k2 ,p )  V(q, k3 , - k3  + q) 
( - t o ( k l )  - to(k2) - to(kl  + k2))  ( - t o ( k 3 )  - to(k3 - q) + to(q))  

U ( k l , k 2 , - k l  - k2) V(k3,q, k3 - q) V(k3 - q , p , - k l  - k2) 

( to (k l )  ÷ to(k2) + to(kl + k2))  ( to(k3) - to(k3 - q) - to(q))  

V(k2 + k3, k2, k3) V(k2 + k3, q, - k l  + p) V(p, kl ,  - k l  + p)  

(to(k2) + to(k3) - to(k2 + k3))  ( - t o ( k l )  - to(kl  - p)  + to (p ) )  
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q ~/ 

I q ~/ 

, ~  , q 2 ~ 

I q ~/ 

I q ~/ 

I q ~/ 

V(k l , p ,  kl - p )  V(k2 ÷ k3, k2, k3) V(q, kl - p ,  k2 ÷ k3) 

( to (k2)  + to(k3)  - to (k2  + k 3 ) )  ( t o ( k l )  - t o ( k l  - p )  - t o (p )  ) 

U ( k 2 , k 3 , - k 2  - k3) U ( q , - k l  + p , - k 2  - k3) V(p, k l , - k l  + p )  

( - t o ( k 2 )  - to (k3)  - to(k2 + k 3 ) )  ( - t o ( k l )  - t o ( k l  - p )  + t o ( p ) )  

U ( - k 2  - k3,k2, k3) V (k l , p ,  kl - p)  V (k l  - p , q , - k 2  - k3) 

( - t o ( k 2 )  - to (k3)  - to (k2  + k 3 ) )  ( t o ( k l )  - t o ( k l  - p )  - t o ( p ) )  

V(k l  + k3, k l , k3 )  V(k l  + k 3 , q , - k 2  + p )  V(p, k 2 , - k 2  + p )  

( t o ( k l )  + to (k3)  - t o ( k l  + k3 ) )  ( - t o ( k 2 )  - to (k2  - p )  + t o ( p ) )  

V(k2,p,  k2 - p)  V(k l  + k3, k l , k3 )  V(q, k2 - p, kl  + k3) 

( t o ( k l )  + to(k3)  - t o ( k l  + k 3 ) )  ( to (k2)  - to (k2  - p )  - t o ( p ) )  

U ( - k l  - k3, k l , k3)  U ( - k 2  + p , q , - k l  - k3) V(p, k 2 , - k 2  + p )  

( - t o ( k l )  - to (k3)  - t o ( k l  ÷ k3) ) ( - t o ( k 2 )  - to (k2  - p )  + t o ( p )  ) 

U ( k l , k 3 , - k l  - k3) V(k2,p,  k2 - p )  V(k2 - p , q , - k l  - k3) 

( - t o ( k l )  - to (k3)  - t o ( k l  + k 3 ) )  ( to (k2)  - to(k2 - p )  - t o ( p ) )  
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q 

L q 

q 

1 2 

1 3 

2 3 

V(k l  + k2, k l , k2 )  V(k l  + k 2 , q , - k 3  + p )  V(p, k 3 , - k 3  + p )  

(~o(kl) + ~o(k2) - oJ(kl + k2)) (-o~(k3) - ~o(k3 - p )  ÷ og(p)) 

V(k3,p,  k3 - p)  V(q, k3 - p, kl + k2) V(kl  + k2, k l , k2 )  
( ~ ( k l ) + ~ ( ~ ) - ~ ( k l + k 2 )  ) ( ~ ( k 3 ) - ~ ( k 3 - p ) - ~ ( p )  ) 

U ( k l , k 2 , - k l  - k2) U ( q , - k 3  ÷ p , - k l  - k2) V(p, k 3 , - k 3  ÷ p )  

( -~o(kl )  - ~o(k2) - ~o(kl + k2)) (-o~(k3) - ~o(k3 - p )  + ~ ( p ) )  

V(k3,p,  k3 - p)  V(k3 - p , q , - k l  - k2) U ( k l , k 2 , - k l  - k2) 

( - ~ ( k l )  - oJ(k2) - oJ(kl + k2)) (~o(k3) - ~o(k3 - p )  - oJ(p)) 

V(k2 + k3, k2, k3) W(p,q ,  k l , k2  + k3) 

~(k2) + ~(k3) - ~o(k2 + k3) 

G ( k l , p , q , - k 2  - k3) U(k2, k 3 , - k 2  - k3) 

oJ(k2) + oJ(k3) + ~o(k2 + k3) 

V(k l  + k3, k l , k3 )  W(p,q ,  k2, kl + k3) 

oJ(kl) + ~(k3) - w(kl  + k3) 



A.1. Dyachenko et al. / Physica D 87 (1995) 233-261 259 

2 3 

3 2 

3 2 

P 

3 1 

3 1 

p - 1  

3 2 

3 2 

p - 2  

G ( k 2 , p , q , - k l  - k3) U ( k l , k 3 , - k l  - k3) 

t o ( k l )  + w ( k 3 )  + w ( k l  + k3) 

V(k l  ÷ k2, k l , k 2 )  W(p ,q ,  k3, kl  ÷ k2) 

w ( k l )  + to(k2) - to (k l  + k2) 

G ( k 3 , p , q , - k l  - k2) U ( - k l  - k2, k l , k 2 )  

t o ( k l )  + w(k2)  + w ( k l  + k2) 

G(q, kl - p ,  k2, k3) V ( k l , p ,  kl  - p )  

t o ( k l )  - t o (k l  - p )  - t o ( p )  

V(p, k l , - k l  + p )  W ( q , - k l  + p, k2, k3) 

- t o ( k l )  - to( kl  - p) + to (p )  

G(q, k2 - p, k l , k 3 )  V(k2,p ,  k2 - p )  

to(k2) - to(k2 - p )  - to(p)  

V(p, k 2 , - k 2  ÷ p) W ( q , - k 2  + p, k l , k 3 )  

- w ( k 2 )  - w(k2  - p )  + to (p)  
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3 - p  

2 p 

1 p 

2 3 

2 3 

3 1 

G(q, k3 - p, k l ,  k2)  V(k3,p ,  k3 - p)  

t o ( k 3 )  - w ( k 3  - p )  - t o ( p )  

V(p, k3, - k 3  + p) W(q, - k 3  + p, k2, k l )  

- w ( k 3 )  - w ( k 3 -  p) + w(p)  

R( k l ,  k2, k3, - p  - q) U ( - p  - q, p, q) 

w(p)  + co(q) + ¢o(p + q) 

G(p + q, k l ,  k2,  k3)  V(p + q,p, q) 

w(p )  + to(q) - to(p + q) 

G(p, k l , k2 ,  k3 - q) V(k3,q,  k3 - q) 

w ( k 3 )  - t o ( k 3  - q )  - t o ( q )  

V(q, k 3 , - k 3  + q) W ( p , - k 3  + q, k l , k 2 )  

- t o ( k 3 )  - t o ( k 3  - q )  + t o ( q )  

G(p, k2, k3 ,k l  - q) V (k l , q ,  kl - q) 

o J ( k l )  - t o ( q )  - a ~ ( - k l  + q )  
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3 1 

3 2 

3 2 
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