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c© 2001 £. �.�. � å à®¢∗�������������� ��������� ������{��������à ¢¥¨ï � ãáá {�®¤ ææ¨ ¤«ï í«¥¬¥â®¢ ¯¥à¢®© ¨ ¢â®à®© ª¢ ¤à â¨çëå ä®à¬ ¯®Ä¢¥àå®áâ¨, ¢«®¦¥®© ¢ R

3, ¨â¥£à¨àã¥¬ë ¢ à ¬ª å ¬¥â®¤  ®¤¥¢ ¨ï. �â®â ¬¥â®¤ ¯®§Ä¢®«ï¥â áâà®¨âì ª« ááë ª®¬¡¥áªî-íª¢¨¢ «¥âëå ¯®¢¥àå®áâ¥© á ®¤¨¬¨ ¨ â¥¬¨ ¦¥ ª®Äíää¨æ¨¥â ¬¨¢à é¥¨ï. � ¦¤ë©ª« áá íª¢¨¢ «¥â®áâ¨®¯à¥¤¥«ï¥âáïäãªæ¨¥©¤¢ãå¯¥à¥¬¥ëå (¬ áâ¥à-äãªæ¨¥© ¯®¢¥àå®áâ¨). � ¦¤ë© ª« áá ª®¬¡¥áªî-íª¢¨¢ «¥â-ëå ¯®¢¥àå®áâ¥© ¢ª«îç ¥â áä¥àã. � §«¨çë¥ ª« ááë ¯®¢¥àå®áâ¥© ®¯à¥¤¥«ïîâ à §Ä«¨çë¥ á¨áâ¥¬ë ®àâ®£® «ìëå ª®®à¤¨ â   áä¥à¥. Ǳà®áâ¥©è¨© ª« áá (á ã«¥¢®©¬ áâ¥à-äãªæ¨¥©) á®®â¢¥âáâ¢ã¥â áâ ¤ àâë¬ áä¥à¨ç¥áª¨¬ ª®®à¤¨ â ¬.1. ���������¥®à¥¬ �®¥ ãâ¢¥à¦¤ ¥â, çâ® ¯®¢¥àå®áâì ¢ âà¥å¬¥à®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥®¯à¥¤¥«ï¥âáï á â®ç®áâìî ¤® ¥¢ª«¨¤®¢ëå ¤¢¨¦¥¨©, ¥á«¨ ¨§¢¥áâë ª®¬¯®¥âë ¯¥à¢®©¨ ¢â®à®© ª¢ ¤à â¨çëå ä®à¬. �¤ ª® íâ¨ ª®¬¯®¥âë ¥«ì§ï ¢ë¡à âì ¯à®¨§¢®«ìë¬®¡à §®¬. �¥©áâ¢¨â¥«ì®, ¯¥à¢ ï ª¢ ¤à â¨ç ï ä®à¬  ®¯à¥¤¥«ï¥â ¬¥âà¨ªã   ¯®¢¥àåÄ®áâ¨,   ¢â®à ï { ¯®«¥ ®à¬ «ìëå ¢¥ªâ®à®¢ ¢ «î¡®© â®çª¥ ¯®¢¥àå®áâ¨. Ǳà¨ § ¤ ëåª®¬¯®¥â å ®¡¥¨å ä®à¬ ¬®¦® ¯®áâà®¨âì âà¥å¬¥àãî ¬¥âà¨ªã ¢ ¨áç¥§ îé¥ â®ª®¬á«®¥ ¢¡«¨§¨ ¯®¢¥àå®áâ¨. �®«ì áª®à® ¯®¢¥àå®áâì ¢ª« ¤ë¢ ¥âáï ¢ ¥¢ª«¨¤®¢® ¯à®áâà Äáâ¢®, ¬¥âà¨ª  ï¢«ï¥âáï ¯«®áª®© ¨ ª®¬¯®¥âë â¥§®à  ªà¨¢¨§ë ¢ ®ªà¥áâ®áâ¨ ¯®¢¥àåÄ®áâ¨ ¤®«¦ë â®¦¤¥áâ¢¥® ®¡à é âìáï ¢ ã«ì. �â® âà¥¡®¢ ¨¥  ª« ¤ë¢ ¥â  ¡®à¤¨ää¥à¥æ¨ «ìëå ãá«®¢¨© (¨§¢¥áâëå ª ª ãà ¢¥¨ï � ãáá {�®¤ ææ¨ (���))   ª®¬Ä¯®¥âë ª¢ ¤à â¨çëå ä®à¬.�ë ¯®ª ¦¥¬, çâ® ®¡à âãî § ¤ çã à áá¥ï¨ï ¬®¦® ¨á¯®«ì§®¢ âì ¤«ï ¨â¥£à¨à®Ä¢ ¨ï ���. �®ç¥¥ £®¢®àï, ¡ã¤¥â ¯®ª § ®, çâ® ª®¬¯®¥âë ®¡¥¨å ª¢ ¤à â¨çëå ä®à¬¬®¦® ¢ëà §¨âì ç¥à¥§ â®«ìª® ®¤ã äãªæ¨î ¤¢ãå ¯¥à¥¬¥ëå,  §ë¢ ¥¬ãî ¬ áâ¥à-äãªæ¨¥© ¯®¢¥àå®áâ¨. � ¤¥©áâ¢¨â¥«ì®áâ¨ ¬ áâ¥à-äãªæ¨ï ®¯à¥¤¥«ï¥âáï ¥   ®¤®©¯®¢¥àå®áâ¨,     æ¥«®¬ ª« áá¥ ª®¬¡¥áªî-íª¢¨¢ «¥âëå ¯®¢¥àå®áâ¥©. �â  äãªÄæ¨ï ï¢«ï¥âáï ï¤à®¬ ¥ª®â®à®£® «¨¥©®£® ¨â¥£à «ì®£® ãà ¢¥¨ï. �«ï â®£® çâ®¡ë¢ëà §¨âì ª®¬¯®¥âë ª¢ ¤à â¨çëå ä®à¬ ç¥à¥§ ¬ áâ¥à-äãªæ¨î, á«¥¤ã¥â à¥è¨âì íâ¨
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134 �.�. �������ãà ¢¥¨ï. Ǳ® § ¤ ®¬ã à¥è¥¨î íâ®£® ãà ¢¥¨ï ¬®¦® ï¢ë¬ ®¡à §®¬ ¯®áâà®¨âì¢á¥ ª®¬¡¥áªî-íª¢¨¢ «¥âë¥ ¯®¢¥àå®áâ¨. �â¥£à «ì®¥ ãà ¢¥¨¥ ¬®¦® íää¥ªâ¨¢Ä® à¥è¨âì â®«ìª® ¢ ¥ª®â®àëå á¯¥æ¨ «ìëå á«ãç ïå, ª®£¤  ï¤à® ¢ëà®¦¤¥® ¨ ¯à¥¤Äáâ ¢¨¬® ª ª áã¯¥à¯®§¨æ¨ï ¡¨ àëå ¯à®¨§¢¥¤¥¨© äãªæ¨© ®¤®© ¯¥à¥¬¥®©. �â®â\á®«¨â®ë©" á«ãç ©, ¡¥§ á®¬¥¨ï, § á«ã¦¨¢ ¥â ¯à¨áâ «ì®£® ¢¨¬ ¨ï, ¯®áª®«ìªã® ¯®§¢®«ï¥â íää¥ªâ¨¢® ¨§ãç âì ¥ª®â®àë¥ ®¢ë¥ ª« ááë ¯®¢¥àå®áâ¥©.�®«¥¥ â®£®, ¬®¦®  ¤¥ïâìáï, çâ® à¥§ã«ìâ âë ¤ ®© à ¡®âë ¡ã¤ãâ ¨¬¥âì ¨ ¡®«ìè¥¥§ ç¥¨¥. �¥©áâ¢¨â¥«ì®, ¬ë à¥¤ãæ¨àã¥¬ § ¤ çã ª« áá¨ä¨ª æ¨¨ ¯®¢¥àå®áâ¥© ª § ¤ Äç¥ ª« áá¨ä¨ª æ¨¨ ¨å ¬ áâ¥à-äãªæ¨©,   § â¥¬ ¯®¤ª« áá¨ä¨ª æ¨¨ ¤ ®£® ª« áá  �®¬Ä¡¥áªî. �á¥ à ¥¥ ¨§¢¥áâë¥ ª« ááë ¯®¢¥àå®áâ¥© ¨¬¥îâ ¬ áâ¥à-äãªæ¨¨, ã¤®¢«¥â¢®Äàïîé¨¥ ¥ª®â®àë¬ á¯¥æ¨ «ìë¬ ãá«®¢¨ï¬. � å®¦¤¥¨¥ íâ¨å ãá«®¢¨©,   â ª¦¥ ®¢ëåãá«®¢¨©, ®¯à¥¤¥«ïîé¨å ®¢ë¥ á¯¥æ¨ «ìë¥ ª« ááë ¯®¢¥àå®áâ¥©, ï¢«ï¥âáï ¨â¥à¥á®©§ ¤ ç¥© ¤«ï ¡ã¤ãé¨å ¨áá«¥¤®¢ ¨©. � ¤ ®© áâ âì¥ ¯®ª § ®, áª®«ì £«ã¡®ª® á¢ï§ ëâ¥®à¨ï ¯®¢¥àå®áâ¥© ¨ â¥®à¨ï á®«¨â®®¢.2. ������������ ������Ǳãáâì � { ¯®¢¥àå®áâì ¢ ¯à®áâà áâ¢¥ R3. �®¦® ¢¢¥áâ¨ ª®®à¤¨ âë x1 ¨ x2   �â ª, çâ® ¯¥à¢ ï ¨ ¢â®à ï ª¢ ¤à â¨çë¥ ä®à¬ë áâ ãâ ¤¨ £® «ìë¬¨:
1 = p2 dx21 + q2 dx22; 
2 = pAdx21 + qB dx22;£¤¥ ª®®à¤¨ âë x1 ¨ x2 ®¯à¥¤¥«ïîâáï á â®ç®áâìî ¤® âà¨¢¨ «ìëå ¯à¥®¡à §®¢ ¨©x1 = x1(u1) ¨ x2 = x2(u2). �ã¤¥¬ £®¢®à¨âì, çâ® ¤¢¥ ¯®¢¥àå®áâ¨ ï¢«ïîâáï ª®¬¡¥áÄªî-íª¢¨¢ «¥âë¬¨, ¥á«¨ ®¨ ¨¬¥îâ ®¤¨ ¨ â¥ ¦¥ ª®íää¨æ¨¥âë A ¨ B ¯à¨ à §«¨çÄëå p ¨ q.�®íää¨æ¨¥âëä®à¬
1 ¨ 
2 ¥«ì§ï ¢ë¡à âì ¥§ ¢¨á¨¬ë¬¨. �¥âëà¥ äãªæ¨¨ p, q,A¨ B á¢ï§ ë âà¥¬ï ¥«¨¥©ë¬¨ ¤¨ää¥à¥æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨ á ç áâë¬¨ ¯à®¨§Ä¢®¤ë¬¨ (���Ǳ), ¨§¢¥áâë¬¨ ª ª ���. �â®¡ë  ©â¨ ���, á«¥¤ã¥â ¢«®¦¨âì ¯®¢¥àåÄ®áâì � ¢ á¯¥æ¨ «ìãî á¨áâ¥¬ã âà¥å¬¥àëå ®àâ®£® «ìëå ªà¨¢®«¨¥©ëå ª®®à¤¨ â¢ R
3 ¢ ®ªà¥áâ®áâ¨ �. �¥âà¨ª  ¢ íâ®© á¨áâ¥¬¥ ®¯à¥¤¥«ï¥âáï ª ªds2 = H21 dx21 +H22 dx22 + dx23; (2.1)£¤¥ H1 = p + Ax3 ¨ H2 = q + Bx3 { ª®íää¨æ¨¥âë � ¬¥,   âà¥â¨© ª®íää¨æ¨¥â � ¬¥H3 = 1.��� ¢®§¨ª îâ ¨§ ãá«®¢¨ï Rijlm = 0; (2.2)£¤¥Rijlm { à¨¬ ®¢ â¥§®à ªà¨¢¨§ë¬¥âà¨ª¨ (2.1). �à ¢¥¨¥ (2.2) ¯à¨¨¬ ¥â ¯à®áâ®©¢¨¤ ¢ â¥à¬¨ å ¬ âà¨æë, § ¤ ®© ª ª Qij = (1=Hj)(@Hi=@xj), i 6= j. � «¨â¥à âãà¥¢¥«¨ç¨ë �ij = 1Hi @Hj@xi = Qji



�������������� ��������� ������{������� 135®¡ëç®  §ë¢ îâ ª®íää¨æ¨¥â ¬¨ ¢à é¥¨ï. Ǳ® ®¯à¥¤¥«¥¨î ¨¬¥¥¬Q13 = 1H3 @H1@x3 = A; Q23 = 1H3 @H2@x3 = B;Q31 = 1H1 @H3@x1 = 0; Q32 = 1H2 @H3@x2 = 0;  ¤«ï ®áâ «ìëå í«¥¬¥â®¢ ¬ âà¨æëQ ãà ¢¥¨¥ (2.2) ¯à¨¨¬ ¥â ¢¨¤@Q12@x3 = @Q21@x3 = 0;@Q13@x2 = Q12Q23; @Q23@x2 = Q21Q13; (2.3)@Q12@x2 + @Q21@x1 +Q13Q23 = 0: (2.4)�ç¥¢¨¤®, ¥ª®â®àë¥ í«¥¬¥âëQ ¥ § ¢¨áïâ ®â ¯¥à¥¬¥ëåx3, â ª çâ®¬®¦® ¯®«®¦¨âìQ12 = �(x1; x2); Q21 = �(x1; x2):�®£¤  á¨áâ¥¬ã (2.3), (2.4) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥@�@x2 + @�@x1 +AB = 0; @A@x2 = �B; @B@x2 = �A: (2.5)�â®¡ë ¢ëà §¨âì � ¨ � ç¥à¥§ í«¥¬¥âë p ¨ q ¯¥à¢®© ª¢ ¤à â¨ç®© ä®à¬ë, ¨á¯®«ì§ã¥¬®¯à¥¤¥«¥¨¥Q12 ¨ Q21. Ǳ® ®¯à¥¤¥«¥¨î@@x2 (p+Ax3) = Q12(q +Bx3) = �(q +Bx3);@@x1 (q +Bx3) = Q21(p+Ax3) = �(p+Ax3): (2.6)Ǳ®« £ ï x3 = 0 ¢ (2.6), ¯®«ãç ¥¬@p@x2 = �q; @q@x1 = �p (2.7)¨ ®ª®ç â¥«ì®@@x2 (1q @p@x2)+ @@x1 (1p @q@x1)+AB = 0; q @A@x2 = B @p@x2 ; p @B@x1 = A @q@x1 : (2.8)�¨áâ¥¬  (2.8) âà¥å ãà ¢¥¨©   ç¥âëà¥ äãªæ¨¨ A, B, p ¨ q ï¢«ï¥âáï á¨áâ¥¬®© � ãáÄá {�®¤ ææ¨. �¬¥áâ® ¨§ãç âì ¡®«¥¥ ¯à®áâãî á¨áâ¥¬ã ãà ¢¥¨© ¯¥à¢®£® ¯®àï¤ª  (2.5),ª®â®à ï ï¢«ï¥âáï á¨áâ¥¬®© âà¥å ãà ¢¥¨©   ç¥âëà¥ äãªæ¨¨ A, B, � ¨ �. �¥è ï ¥¥,¬ë ®¯à¥¤¥«¨¬ ¯®¢¥àå®áâì á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ¯® �®¬¡¥áªî. �«ï à¥è¥Ä¨ï ��� á«¥¤ã¥â à¥è¨âì «¨¥©ãî á¨áâ¥¬ã (2.7)   ª®¬¯®¥âë ¯¥à¢®© ª¢ ¤à â¨ç®©ä®à¬ë. � §¡¨¥¨¥ á¨áâ¥¬ë� ãáá {�®¤ ææ¨ (2.8)   ¡®«¥¥ ¯à®áâë¥ á¨áâ¥¬ë (2.5) ¨ (2.7)¡ë«® ¢ë¯®«¥® �®®¯¥«ìç¥ª® [1].



136 �.�. �������3. n-������ ������������� ������� ���������� è ¯®¤å®¤ ª à¥è¥¨î��� ®á®¢    â®¬ ®¡áâ®ïâ¥«ìáâ¢¥, çâ® íâ¨ ãà ¢¥¨ï ï¢«ïÄîâáï á¯¥æ¨ «ìë¬¢ëà®¦¤¥ë¬á«ãç ¥¬ãà ¢¥¨©� ãáá {� ¬¥, ®¯¨áë¢ îé¨åâà¥åÄ¬¥àë¥ ®àâ®£® «ìë¥ ªà¨¢®«¨¥©ë¥ á¨áâ¥¬ë ª®®à¤¨ â ¢ R3. �¥â®¤ à¥è¥¨ï ãà ¢Ä¥¨© � ãáá {� ¬¥ ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ ¯à®¨§¢®«ì®© à §¬¥à®áâ¨ ¡ë« ¤  ¢à ¡®â¥ [2]. �ë ¯à¥¤« £ ¥¬ ¤àã£®©, ® ¯® áãé¥áâ¢ã íª¢¨¢ «¥âë©, ¬¥â®¤ à¥è¥¨ï íâ®©§ ¤ ç¨.�«ï § ¤ ®© ®¡« áâ¨ S ¢ Rn § ¤ ç  á®áâ®¨â ¢  å®¦¤¥¨¨ ¢á¥å ®àâ®£® «ìëå ªà¨Ä¢®«¨¥©ëå á¨áâ¥¬ ª®®à¤¨ â ¢ S. Ǳãáâì x = (x1; : : : ; xn) { â ª¨¥ ª®®à¤¨ âë. � ¨å¬¥âà¨ç¥áª¨© â¥§®à ¤¨ £® «¥: ds2 = ∑H2i dx2i :�®íää¨æ¨¥âë Hi = Hi(x) ï¢«ïîâáï ª®íää¨æ¨¥â ¬¨ � ¬¥, ª®â®àë¥ âà¥¡ã¥âáï ®¯à¥Ä¤¥«¨âì. �¨ ã¤®¢«¥â¢®àïîâ á¨«ì® ¯¥à¥®¯à¥¤¥«¥®© á¨áâ¥¬¥ ¥«¨¥©ëå ���Ǳ {ãà ¢¥¨© � ãáá {� ¬¥ @Qij@xk = QikQkj; i 6= j 6= k; (3.1)@Qij@xj + @Qjk@xi + ∑k 6=i;jQikQkj = 0; i 6= j; (3.2)£¤¥, ª ª ¨ ¢ëè¥, Qij = 1Hj @Hi@xj : (3.3)�®¦® ¯à®¢¥à¨âì, çâ® ãà ¢¥¨ï (3.1){(3.3) íª¢¨¢ «¥âë ãá«®¢¨î Rijkl = 0, £¤¥Rijkl { à¨¬ ®¢ â¥§®à ªà¨¢¨§ë. �â®¡ë à¥è¨âì á¨áâ¥¬ã (3.1){(3.3), ¢¢¥¤¥¬ á¥¬¥©áâ¢®¯à®¥ªæ¨®ëå®¯¥à â®à®¢ Ii ¢Rn, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ I2i = Ii ¨ IiIj = 0, i 6= j,¨ ®¯à¥¤¥«¨¬ � = n
∑i=1 xiIi:Ǳãáâì � { â®çª    ª®¬¯«¥ªá®© ¯«®áª®áâ¨ C ¨ ¯ãáâì � á í«¥¬¥â ¬¨ �ij(�; ��; x), i; j =1; : : : ; n, { ¬ âà¨ç®-§ ç ïäãªæ¨ï  C,ª®â®à ï â ª¦¥ § ¢¨á¨â ®â ª®®à¤¨ âx. Ǳà¥¤Ä¯®«®¦¨¬, çâ® �(�; ��; x) { à¥è¥¨¥ ¥«®ª «ì®© �@-§ ¤ ç¨@�@�� = � ∗R = ∫ �(�; ��; x)R(�; ��; �; ��; x) d� d��; (3.4)®à¬¨à®¢ ®¥ ãá«®¢¨¥¬ � → Æij ¯à¨ � → ∞.� (3.4) ¨¬¥¥¬ R(�; ��; �; ��) = e��Te−��; (3.5)



�������������� ��������� ������{������� 137£¤¥ T (�; ��; �; ��) { ¬ âà¨æ , ¥ § ¢¨áïé ï ®â x. � «®¦¨¬   ¬ âà¨æã T ãá«®¢¨ïT (��; �; ��; �) = T (�; ��; �; ��); T tr(−�;−��;−�;−��) = ��T (�; ��; �; ��): (3.6)�®£¤  �@-§ ¤ ç  (3.4) íª¢¨¢ «¥â  ¨â¥£à «ì®¬ã ãà ¢¥¨î�(�; ��; x) = Æij + 1� ∫ �(�; ��; x)R(�; ��; �; ��; x)�− � d� d�� d� d��: (3.7)�ë¡¥à¥¬¬ âà¨çãîäãªæ¨îT (�; ��; �; ��), ã¤®¢«¥â¢®àïîéãîãá«®¢¨ï¬ (3.6), â ª, çâ®Ä¡ë ãà ¢¥¨¥ (3.7) ¨¬¥«® ¥¤¨áâ¢¥®¥ à¥£ã«ïà®¥ à¥è¥¨¥. �®£¤  äãªæ¨î � ¬®¦®à §«®¦¨âì ¯à¨ � → ∞ ¢  á¨¬¯â®â¨ç¥áª¨© àï¤� → 1 + Q� + P�2 + · · · ; (3.8)£¤¥ Q = 1� ∫ �(�; ��; x)R(�; ��; �; ��; x) d� d�� d� d��: (3.9)� ¬¥â¨¬, çâ® ¢ á¨«ã (3.6) äãªæ¨ï � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î��(��; �; x) = �(�; ��; x); (3.10)  Q ï¢«ï¥âáï ¢¥é¥áâ¢¥®© ¬ âà¨ç®© äãªæ¨¥© ®â x. Ǳà¨¬¥¥¨¥ �@-§ ¤ ç¨ (3.4) ¨ íªÄ¢¨¢ «¥â®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (3.7) ª ¨â¥£à¨à®¢ ¨î á¨áâ¥¬ë � ãáá {� ¬¥®á®¢ ®   á«¥¤ãîé¨å ¤¢ãå ä ªâ å:1. �á«¨ ãá«®¢¨ï (3.6) ¢ë¯®«¥ë, â® ¬ âà¨æ  Q(x), § ¤  ï ä®à¬ã«®© (3.9), ã¤®¢Ä«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢¥¨© (3.1), (3.2).2. � âà¨ç ï äãªæ¨ï �(�; ��; x) = �(�; ��; x)e+��(x) ã¤®¢«¥â¢®àï¥â «¨¥©®© á¨áâ¥Ä¬¥ @�ik@xj = Qij�jk; i 6= 0: (3.11)Ǳãáâì �i(�; ��) = ��i(��; �) { ¯à®¨§¢®«ìë¬ ®¡à §®¬ ¢ë¡à ®¥ á¥¬¥©áâ¢® äãªæ¨© ®â�, �� ¨ ¯ãáâì Hi = ∫

∑�ij(�; ��; x)�i(�; ��) d� d��: (3.12)�ãªæ¨ï Hi(x) ã¤®¢«¥â¢®àï¥â «¨¥©®© á¨áâ¥¬¥@Hi@xj = QijHj (3.13)¨ ¬®¦¥â ¡ëâì ¢ë¡à   ¢ ¢¨¤¥ ª®íää¨æ¨¥â®¢� ¬¥ ¤«ï ¥ª®â®à®©n-¬¥à®© ®àâ®£® «ìÄ®© á¨áâ¥¬ë ª®®à¤¨ â. �«ï à §«¨çëå  ¡®à®¢ �i(�; ��) ¯®«ãç ¥¬ à §«¨çë¥  ¡®àë



138 �.�. �������ª®íää¨æ¨¥â®¢ � ¬¥, á®®â¢¥âáâ¢ãîé¨å ®¤®© ¨ â®© ¦¥ ¬ âà¨æ¥ Q. �â¨  ¡®àë ï¢«ïÄîâáï â ª  §ë¢ ¥¬ë¬¨ íª¢¨¢ «¥â ¬¨ �®¬¡¥áªî. �¥â®¤ à¥è¥¨ï ¥«¨¥©ëå ãà ¢¥Ä¨© á ¯®¬®éìî �@-§ ¤ ç¨ (3.4)  §ë¢ ¥âáï¬¥â®¤®¬ ®¤¥¢ ¨ï,   äãªæ¨ï T (�; ��; �; ��) {®¤¥¢ îé¥© äãªæ¨¥©. Ǳà®æ¥¤ãà  ®¤¥¢ ¨ï ¯®§¢®«ï¥â  ¢â®¬ â¨ç¥áª¨  å®¤¨âì ¢á¥  Ä¡®àë ª®íää¨æ¨¥â®¢ � ¬¥, á¢ï§ ë¥ á ¤ ®© ¬ âà¨ç®© äãªæ¨¥©Q.�â®¡ë ¤®ª § âì áä®à¬ã«¨à®¢ ®¥ ¢ëè¥ ãâ¢¥à¦¤¥¨¥, ¯®áâà®¨¬ á¥¬¥©áâ¢® ®¯¥à Äâ®à®¢ Lij (i 6= j), ¤¥©áâ¢ãîé¨å   äãªæ¨î � á«¥¤ãîé¨¬ ®¡à §®¬:Lij� = Ii ( @�@xj + ��Ij −QIj�) ; i 6= j:�¤¥áìQ ¤ ¥âáï ä®à¬ã«®© (3.9), ¨ «¥£ª® ¯à®¢¥à¨âì, çâ® äãªæ¨¨Lij� ï¢«ïîâáï à¥è¥¨Äï¬¨ �@-§ ¤ ç¨ @@��Lij� = Lij� ∗Rá ã«¥¢®© ®à¬¨à®¢ª®©   ¡¥áª®¥ç®áâ¨: Lij� → 0 ¯à¨ � → ∞. � ¦¤ ï äãªæ¨ï Lij�ã¤®¢«¥â¢®àï¥â «¨¥©®¬ã ¨â¥£à «ì®¬ã ãà ¢¥¨îLij�(�; ��) = 1� ∫ Lij�(�; ��)R(�; ��; �; ��; x)�− � d� d�� d� d��: (3.14)Ǳ®áª®«ìªã ãà ¢¥¨¥ (3.7) ¨¬¥¥â ¥¤¨áâ¢¥®¥ (à¥£ã«ïà®¥) à¥è¥¨¥, ®¤®à®¤®¥ ãà ¢Ä¥¨¥ (3.14) ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥. �¥¬ á ¬ë¬Lij� = 0 (3.15)¨ Lij�Ik = 0: (3.16)�¨¥© ï á¨áâ¥¬  (3.13) íª¢¨¢ «¥â  á¨áâ¥¬¥ (3.16). Ǳ®¤áâ ¢¨¬  á¨¬¯â®â¨ç¥áªãî ¯Ä¯à®ªá¨¬ æ¨î (3.8) ¢ (3.15) ¨ à §«®¦¨¬ à¥§ã«ìâ â ¢  á¨¬¯â®â¨ç¥áª¨© àï¤. �á¥ ç«¥ë¯®«ãç¥®£®  á¨¬¯â®â¨ç¥áª®£® à §«®¦¥¨ï ¤®«¦ë â®¦¤¥áâ¢¥® ®¡à é âìáï ¢ ã«ì.Ǳà¨à ¢¨¢ ï ¯¥à¢ë© ¥ã«¥¢®© ç«¥ ¯®àï¤ª  1=� ã«î, ¯®«ãç ¥¬ á¨áâ¥¬ã (3.1).�®ª § â¥«ìáâ¢® á¯à ¢¥¤«¨¢®áâ¨ ãà ¢¥¨ï (3.2) ¥áª®«ìª® á«®¦¥¥, ®® ¯à¨¢¥¤¥® ¢à ¡®â¥ [3]. 4. �������������� ���� ¯à®áâà áâ¢¥ R3 á¨áâ¥¬  (3.1) ¯à¨¨¬ ¥â ¢¨¤@Q12@x3 = Q13Q32; (4.1)@Q21@x3 = Q23Q31; (4.2)@Q13@x2 = Q12Q23; (4.3)



�������������� ��������� ������{������� 139@Q23@x1 = Q21Q13; (4.4)@Q31@x2 = Q32Q21; (4.5)@Q32@x1 = Q31Q12: (4.6)�«ï â®£® çâ®¡ë ¯¥à¥©â¨ ª á¨áâ¥¬¥ � ãáá {�®¤ ææ¨, ¨á¯®«ì§ã¥¬ ¥§ ¢¨á¨¬®áâì Qij ®âx3. �à ¢¥¨ï (4.1) ¨ (4.2) â®£¤  ¯à¨¨¬ îâ ¢¨¤Q13Q32 = 0; Q23Q31 = 0: (4.7)� «®¦¨¬ ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥, á®¢¬¥áâ®¥ á (4.7):Q31 = Q32 = 0: (4.8)�¥¯¥àì ãà ¢¥¨ï (4.5) ¨ (4.6) ¢ë¯®«¥ë ¢â®¬ â¨ç¥áª¨¨ â®«ìª® ãà ¢¥¨ï (4.3)¨ (4.4)á®åà ïîâáï ¢ á¨áâ¥¬¥ (3.1).�¨áâ¥¬  (3.2) ¯à¨ n = 3 á®áâ®¨â ¨§ âà¥å ãà ¢¥¨©:@Q12@x2 + @Q21@x1 +Q13Q23 = 0;@Q13@x3 + @Q31@x1 +Q12Q32 = 0; (4.9)@Q23@x3 + @Q32@x2 +Q21Q31 = 0: (4.10)�à ¢¥¨ï (4.9) ¨ (4.10) ¢ë¯®«¥ë ¢ á¨«ã (4.7). �âáî¤  á«¥¤ã¥â, çâ® ¯®« ï á¨áâ¥¬ ãà ¢¥¨©, à §à¥è îé ï íâ®â á¯¥æ¨ «ìë© â¨¯ á¨áâ¥¬ë � ãáá {� ¬¥, à¥¤ãæ¨àã¥âáï ªãà ¢¥¨ï¬@Q12@x2 = Q23Q31; @Q23@x1 = Q21Q23; @Q12@x2 + @Q21@x1 +Q13Q23 = 0: (4.11)�â  á¨áâ¥¬  ¤®«¦  ã¤®¢«¥â¢®àïâìáï ¢ á¨«ã ãà ¢¥¨© ¤«ï ª®íää¨æ¨¥â®¢ � ¬¥@H1@x2 = Q12H2; @H2@x1 = Q21H1: (4.12)�¨áâ¥¬  (4.11), (4.12) á®¢¯ ¤ ¥â á ãà ¢¥¨ï¬¨ � ãáá {� ¬¥ (2.5) ¨ (2.7). �â®¡ëà¥è¨âì íâã á¨áâ¥¬ã, ¢ë¡¥à¥¬ ®¤¥¢ îéãîäãªæ¨îTij(�; ��; �; ��) á¯¥æ¨ «ìë¬®¡à §®¬.�®£« á® (3.5) ¨¬¥¥¬ Rij(�; ��; �; ��) = e�xi−�xjTij(�; ��; �; ��): (4.13)



140 �.�. ��������â®¡ë ¨áª«îç¨âì § ¢¨á¨¬®áâì Qij ®â ª®®à¤¨ âë x3, ¨áª«îç¨¬ íâã § ¢¨á¨¬®áâì ¢Rij(�; ��; �; ��). �¥¬ á ¬ë¬ ¬ë ¤®«¦ë ¯®«®¦¨âì T3i ' Æ(�)Æ(��) ¨ Ti3 ' Æ(�)Æ(��). �ç¨Äâë¢ ï ¢â®à®¥ ãá«®¢¨¥ ¢ (3.6), ¬®¦® ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¯®áâà®¨âì Tij:T12 = �F (�; ��; �; ��); T21 = −�F (−�;−��;−�;−��);T13 = −�f1(−�;−��)Æ(�)Æ(��); T23 = −�f2(−�;−��)Æ(�)Æ(��);T31 = �Æ(�)Æ(��)f1(�; ��); T32 = �Æ(�)Æ(��)f2(�; ��): (4.14)�â®¡ë ã¤®¢«¥â¢®à¨âì ¯¥à¢®¬ã ãá«®¢¨î ¢ (3.6),  ¤® ¯®«®¦¨âìf1(�; ��) = �f1(��; �); f2(�; ��) = �f2(��; �); R(�; ��; �; ��) = R (��; �; ��; �): (4.15)�¥§ ¯®â¥à¨ ®¡é®áâ¨ ¬®¦® ¯®«®¦¨âì ¤¨ £® «ìë¥ í«¥¬¥âë à ¢ë¬¨ ã«î:T11 = T22 = T33 = 0:�®à¬ã«ë ¤«ï T31 ¨ T32 ¢ª«îç îâ ¯à®¨§¢¥¤¥¨¥ �Æ(�)Æ(��). �¡ëç® á«¥¤ã¥â ¯®« £ âìíâ® ¢ëà ¦¥¨¥ à ¢ë¬ ã«î. �¥©áâ¢¨â¥«ì®, íâ® ¢¥à® ¯à¨ ¨â¥£à¨à®¢ ¨¨ á ¥¯à¥Äàë¢®© ¯à®¡®© äãªæ¨¥©,
∫ f(�; ��)�Æ(�)Æ(��) d� d�� = 0;® ¢ ¥ª®â®àëå á«ãç ïå ¯à®¡ ï äãªæ¨ï ¬®¦¥â ¨¬¥âì ¯à®áâ®© ¯®«îá ¢ â®çª¥ � = 0, ¨â®£¤  f(�; ��) = g(�; ��)=� ¯à¨ � ∼ 0, £¤¥ g { ¥¯à¥àë¢ ï äãªæ¨ï. � íâ®¬ á«ãç ¥

∫ f(�; ��)�Æ(�)Æ(��) d� d�� = ∫ g(�; ��)Æ(�)Æ(��) d� d�� = g(0; 0):�â¥£à «ì®¥ ãà ¢¥¨¥ (3.7) ¯à¥¤áâ ¢«ï¥â á®¡®© á¥¬¥©áâ¢® ¥§ ¢¨á¨¬ëå ãà ¢¥¨©, « £ ¥¬ëå ¯® ®â¤¥«ì®áâ¨   ª ¦¤ãî áâà®ªã ¢ ¬ âà¨æ¥ � (áâà®ª¨ ã¬¥àãîâáï ¯¥àÄ¢ë¬ ¨¤¥ªá®¬). � áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢¥¨© ¤«ï í«¥¬¥â®¢ âà¥âì¥© áâà®ª¨ �31, �32¨ �33. � á¨«ã (4.13) ¨ (4.14) ãà ¢¥¨ï ¤«ï �31 ¨ �32 ¥ á®¤¥à¦ â �33. � à¥§ã«ìâ â¥ íâ¨í«¥¬¥âë �ij ã¤®¢«¥â¢®àïîâ ®¤®à®¤®© «¨¥©®© á¨áâ¥¬¥ «¨èì á ã«¥¢ë¬ à¥è¥¨¥¬.�«¥¤®¢ â¥«ì®, �31 ≡ 0; �32 ≡ 0 (4.16)¨ �33 ≡ 1.�âáî¤  ¢ á®®â¢¥âáâ¢¨¨ á (4.8) ¨¬¥¥¬Q31 = Q32 = 0; Q33 = 0: (4.17)



�������������� ��������� ������{������� 141�â®¡ë  ©â¨ ¢ëà ¦¥¨ï ¤«ï �13 ¨ �23,  ¤® ¨á¯®«ì§®¢ âì á®®â®è¥¨ï (4.14), (4.15).�¬¥¥¬ �13 = A� = Q13� ; �23 = B� = Q23� ;A = Q13 = − 1� ∫ �[�11(�; ��; x)f1(−�;−��)e�x1 + �12(�; ��; x)e�x2f2(−�;−��)] d� d��;B = Q23 = − 1� ∫ �[�21(�; ��; x)f1(−�;−��)e�x1 + �22(�; ��; x)e�x2f2(−�;−��)] d� d��:�®¦® ¨á¯®«ì§®¢ âì ä®à¬ã«ë (4.16) ¨ (4.17) ¤«ï à¥¤ãªæ¨¨ á¨áâ¥¬ë (3.4) ª á¨áâ¥¬¥ãà ¢¥¨©   (2×2)-¬ âà¨æã, § ¤ ãî ª ªXij = �ij , i; j = 1; 2,Xij(�; ��; x) = Æij + 1� ∫ Xik(�; ��; x)e�xk−�xjSkj(�; ��; �; ��)�− � d� d�� d� d��; (4.18)£¤¥ ¬ âà¨æ  S ï¢«ï¥âáï áã¬¬®© ¤¢ãå ª®¬¯®¥â:S = U + V;U = ∥

∥

∥

∥

0 �F (�; ��; �; ��)
−�F (−�;−��;−�;−��) 0 ∥

∥

∥

∥

;Vij(�; ��; �; ��) = −��fi(−�;−��)fj(�; ��): (4.19)� ¬¥â¨¬, çâ® ¬ âà¨æ  U(�; ��; �; ��) ã¤®¢«¥â¢®àï¥â áâ ¤ àâ®¬ã á®®â®è¥¨î (3.7) ¨V tr(−�;−��;−�;−��) = −��V (�; ��; �; ��):�á«¨Xij ¨§¢¥áâë, ¬®¦®  ©â¨ ª®íää¨æ¨¥âë� ¬¥ (í«¥¬¥âë ¯¥à¢®© ª¢ ¤à â¨ç®©ä®à¬ë) ¨§ ä®à¬ã«p(x1; x2) = H1(x1; x2) = ∫

[�11(�; ��; x)e�x1g1(�; ��) + �12(�; ��; x)e�x2g2(�; ��)] d� d��;q(x1; x2) = H2(x1; x2) = ∫

[�21(�; ��; x)e�x1g1(�; ��) + �22(�; ��; x)e�x2g2(�; ��)] d� d��:Ǳ¥à¥¡¨à ï à §«¨çë¥ äãªæ¨¨ g1 ¨ g2, ¬ë ¯®«ãç ¥¬ à §«¨çëå ¯à¥¤áâ ¢¨â¥«¥© ®¤®£®¨ â®£® ¦¥ ª« áá  ª®¬¡¥áªî-íª¢¨¢ «¥âëå ¯®¢¥àå®áâ¥©. � ç áâ®áâ¨, ¬®¦® ¯®«®Ä¦¨âì g1(�; ��) = − �� f1(−�;−��); g2(�; ��) = − �� f2(−�;−��): (4.20)� íâ®¬ á«ãç ¥ p = A ¨ q = B.� ¬¥â¨¬, çâ® ¢¥«¨ç¨ë k1 = A=p, k2 = B=q ï¢«ïîâáï £« ¢ë¬¨ ªà¨¢¨§ ¬¨ ¯®¢¥àåÄ®áâ¨ ¢ ¤ ®© â®çª¥. � á«ãç ¥ (4.20) k1 = k2 = 1 ¨ ¯®¢¥àå®áâì ï¢«ï¥âáï áä¥à®©. �¬¥Ä¥âáï ¨â¥à¥áë© ä ªâ: ª ¦¤ë© ª« áá ª®¬¡¥áªî-íª¢¨¢ «¥âëå ¯®¢¥àå®áâ¥© ¢ª«îç Ä¥â áä¥àã. � §«¨çë¥ ª« ááë ¯à®áâ® ®¯à¥¤¥«ïîâ à §«¨çë¥ ª®®à¤¨ âë¥ á¨áâ¥¬ë  áä¥à¥.



142 �.�. �������5. Ǳ���������� �������� ��Ǳ��ã¤¥¬ §ë¢ âìäãªæ¨îF (�; ��; �; ��)¬ áâ¥à-äãªæ¨¥© ¯®¢¥àå®áâ¨. Ǳ®¢¥àå®áâì¯à¨ ¤«¥¦¨â ª ª®¥ç®¬ã â¨¯ãN , ¥á«¨ ¥¥ ¬ áâ¥à-äãªæ¨î ¬®¦® § ¯¨á âì ¢ ¢¨¤¥F (�; ��; �; ��) = N
∑k=1 ak(�; ��)bk(�; ��):� íâ®¬ á«ãç ¥ à¥è¥¨¥���¬®¦®  ©â¨ ¢ § ¬ªãâ®¬¢¨¤¥. Ǳ®¢¥àå®áâì ª®¥ç®£® â¨Ä¯  ¬®¦® â ª¦¥  §ë¢ âì á®«¨â®®© ¯®¢¥àå®áâìî. � ¤ ®© à ¡®â¥ ®¯¨áë¢ îâáï¯®¢¥àå®áâ¨ ã«¥¢®£® â¨¯ , ª®£¤  F ≡ 0. � íâ®¬ á«ãç ¥Sij = Vij = −��fi(−�;−��)fj(�; ��):�®¦® ¯®«®¦¨âì �ij = Æij + �i(x1; x2)hj(�; ��; xj); (5.1)£¤¥ hj(�; ��; xj) = 1� ∫ fj(−�;−��)e�xj�+ � d� d��:�¢¥¤¥¬ äãªæ¨¨ ci(xi) = 1√2� ∫ fi(−�;−��)e�xi d� d��:�®¦® ¯à®¢¥à¨âì, çâ®�i = −

√2� c′i(x′i)� ; � = 1 + c21(x1) + c22(x2):�§ (5.1) «¥£ª® ¯®«ãç ¥¬� = Q12 = − 2c′1(x1)c2(x2)1 + c21(x1) + c22(x2) ; � = Q21 = − 2c1(x1)c′2(x2)1 + c21(x1) + c22(x2) : (5.2)Ǳ®¤áâ ¢«ïï (5.1) ¢ (4.18), ¯®«ãç ¥¬A = Q13 = − 2c′1(x1)1 + c21(x1) + c22(x2) ; B = Q23 = − 2c′2(x2)1 + c21(x1) + c22(x2) : (5.3)�®¦® ¯à®¢¥à¨âì, çâ® ä®à¬ã«ë (5.2) ¨ (5.3) ®¯à¥¤¥«ïîâ à¥è¥¨ï ���.�«ï í«¥¬¥â®¢ ¬ âà¨æë � ¨§ á¨áâ¥¬ë (3.11) ¨¬¥¥¬�11 = (1 + �1h1)e�x1 ; �21 = �2h1e�x1 ;�12 = �1h2e�x2 ; �22 = (1 + �2h2)e�x2 :



�������������� ��������� ������{������� 143�â®¡ë à¥è¨âì ��� ¨  ©â¨ ¢á¥ ¢®§¬®¦ë¥  ¡®àë p ¨ q, á®¢¬¥áâë¥ á (5.2) ¨ (5.3),¢¢¥¤¥¬ ¤¢¥ ¯à®¨§¢®«ìë¥ äãªæ¨¨�i(�; ��) = ��i(��; �); i = 1; 2:�®£¤  p ¨ q ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨p = 〈�1e�x1〉+ �1[〈h1e�x1�1〉+ 〈h2e�x2�2〉];q = 〈�2e�x2〉+ �2[〈h2e�x1�1〉+ 〈h2e�x2�2〉]; (5.4)£¤¥ ã£«®¢ë¥ áª®¡ª¨ ®§ ç îâ, çâ® ¢ë¯®«ï¥âáï ¨â¥£à¨à®¢ ¨¥ ¯® � ¨ ��. �®à¬ã«ë (5.4)¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥p = a(x1) + �1(x1; x2)F; q = b(x2) + �(x1; x2)F;F = ∫ x1�1 c1(x1)a(x1) dx1 + ∫ x2�2 c2(x2)b(x2) dx2;£¤¥ a(x1) = 〈�1e�x1〉 ¨ b(x2) = 〈�2e�x3〉 { ¯à®¨§¢®«ìë¥ äãªæ¨¨ ®¤®© ¯¥à¥¬¥®©.6. ������������� ���������� �� ������â¥£à¨à®¢ ¨¥ ��� â¥á® á¢ï§ ® á ¤àã£®© ª« áá¨ç¥áª®© § ¤ ç¥© ¤¨ää¥à¥æ¨ «ìÄ®© £¥®¬¥âà¨¨ { ª« áá¨ä¨ª æ¨¥© ®àâ®£® «ìëå á¨áâ¥¬ ª®®à¤¨ â   áä¥à¥. �âã § Ä¤ çã ¬®¦® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:  ©â¨ ¢á¥ ª®®à¤¨ âë¥ á¨áâ¥¬ë  ¥¤¨¨ç®© áä¥à¥ ¢ R3, ¢ ª®â®àëå ¬¥âà¨ç¥áª¨© â¥§®à ¤¨ £® «¥.Ǳãáâì x1 ¨ x2 { ¥ª®â®àë¥ ª®®à¤¨ âë   áä¥à¥ ¨ ¯ãáâì ¬¥âà¨ª  ®¯à¥¤¥«ï¥âáï ä®àÄ¬ã«®© ds2 = p2(x1; x2) dx21 + q2(x1; x2) dx22:�¥§®à ªà¨¢¨§ë   áä¥à¥ ¨¬¥¥â ¢¨¤Rijlm = gilgjm − gimgjl: (6.1)�®¦® ®¯à¥¤¥«¨âì � ¨ � á«¥¤ãîé¨¬ ®¡à §®¬:� = 1q @p@x2 ; � = 1p @q@x2 : (6.2)�®£¤  ãà ¢¥¨¥ (6.1) ¯à¨¨¬ ¥â ¢¨¤@�@x2 + @�@x1 + pq = 0: (6.3)�à ¢¥¨ï (6.2) ¨ (6.3) íª¢¨¢ «¥âë \à¥¤ãæ¨à®¢ ®¬ã" ��� (2.5). �â  íª¢¨¢ «¥âÄ®áâì ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ ¢ë¢®¤ ¬:



144 �.�. �������1. �áïª ï ¯®¢¥àå®áâì (¯® ªà ©¥© ¬¥à¥, «®ª «ì®) ª®¬¡¥áªî-íª¢¨¢ «¥â  áä¥à¥.2. �áïª®¥ à¥è¥¨¥ \à¥¤ãæ¨à®¢ ®£®"��� (2.5) ¯®à®¦¤ ¥â ®àâ®£® «ìãî á¨áâ¥¬ãª®®à¤¨ â   áä¥à¥.3. �áïª ï ®àâ®£® «ì ï á¨áâ¥¬  ª®®à¤¨ â   áä¥à¥ ¯®à®¦¤ ¥â ª« áá ª®¬¡¥áªî-íª-¢¨¢ «¥âëå ¯®¢¥àå®áâ¥©, ®¯à¥¤¥«ï¥¬ë© à¥è¥¨¥¬ \¯®«®£®" ��� (2.5){(2.7).�â¥à¥á® ¢ëïá¨âì, ª ª®© â¨¯ á¨áâ¥¬ ª®®à¤¨ â á®®â¢¥âáâ¢ã¥â ¯®¢¥àå®áâ¨ ã«¥Ä¢®£® â¨¯ . �ë¯®«ïï § ¬¥ã ¯¥à¥¬¥ëåy1 = c1(x); y2 = c2(x)¢ ä®à¬ã« å (5.2) ¨ (5.3), ¯®«ãç ¥¬A = B = − 21 + y21 + y22 ; � = − 2y21 + y21 + y22 ; � = − 2y11 + y21 + y22 : (6.4)Ǳ®« £ ï p = A ¨ q = B, ¬ë ¢¨¤¨¬, çâ® à ¢¥áâ¢  (6.4) á®®â¢¥âáâ¢ãîâ á¨áâ¥¬¥ ª®®àÄ¤¨ â, ®¯à¥¤¥«ï¥¬®© áâ¥à¥®£à ä¨ç¥áª®© ¯à®¥ªæ¨¥© áä¥àë ¢ áâ ¤ àâëå áä¥à¨ç¥áª¨åª®®à¤¨ â å.�¡é¨¥ ¢ëà ¦¥¨ï ¤«ï p ¨ q ¨¬¥îâ ¢¨¤p = a(y1)− 21 + y21 + y22 [
∫ y1�1 y1a(y1) dy1 + ∫ y2�2 y2b(y2) dy2];q = b(y2)− 21 + y21 + y22 [
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