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Abstract. The statistics of arising of freak waves on a surface of an ideal heavy
fluid is studied. The freak waves arise during the evolution of statistically homoge-
neous initial conditions with a Gaussian probability. Simple equation describing
evolution of “almost” 1-D water waves is derived using important property of
vanishing four-wave interaction.

1 Introduction

It is clear now that freak waves are “a native ingredient” of the surface wave dynamics on deep
water. Freak waves appear inevitably as a result of nonlinear evolution of modulation instability
not only for monochromatic Stokes waves [1,2], but also for stochastic spectra with a narrow
enough spectral band. Understanding of this fact leads us to formulation of the fundamental
problem: what is a freak waves statistics? Could a captain in the sea estimate a probability to
face a freak wave during next one, two, five, ten hours? What information about the spectrum
of the wind-driven sea must he (or she) have in possession? This is a problem of a great practical
importance which can be solved by combined efforts of the satellite experts realizing monitoring
of the ocean surface, and applied mathematicians performing massive numerical simulation of
ocean waves. In this article we discuss only the second approach to the problem. We discuss
different mathematical models which are used or could be used for analytical and numerical
description of ocean waves in connection with their respectivity for study of the freak wave
statistics.

No doubts that the most adequate approach to the problem is development of codes for
solution of the exact full 3-dimensional Euler equations for incompressible fluid with a free
surface. In the ideal case the flow beneath the surface should not be considered as potential
one. Creation of this code would be a feat, and Dmitry Chalikov [3] is close to perform it. We
cordially wish him a good luck, but we are cautious about ”industrial” perspectives of this
approach.

A sophisticated exact code can describe formation and breaking of an individual freak wave,
but even the best code supported by the most powerful computers in a closed future will not
be able to reproduce scientifically the masterpiece of Hokusai. It does not mean that such a
code is useless. It could really reproduce in reality fine details of formation and breaking (or
disappearance) of an individual freak wave. But to find the probability distribution function,
PDF, describing appearance of freak waves from a relatively smooth sea, one has to perform
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thousands numerical experiments. This ambitious problem can be solved at least at a current
state of computer technique, only in the frameworks of more rough and approximate, but much
less time consuming analytical models.

A model becomes much simpler if we assume that the flow is potential. This simplification
is not that bad — in fact, the shear flow velocity is much less than phase and group velocities
of energy containing waves. A full 3-dimensional exact potential model for description of sur-
face waves was developed by some authors years ago [4,5]. However, even these codes are too
complicated for using in the massive scale.

A realistic and popular model for massive modelling of freak waves is the nonlinear
Shredinger equation (NLSE). However applicability of this equation is limited by very low
values of average steepness (according our estimates p = /< Vn? > < 0.05). Real freak wave
is more steep. Usually they appear from a more rough sea. Much better model is the Dysthe
equation [6]. It is applicable for description of more rough sea, however, its derivation is still
based on the “envelope” approach, presuming that a freak wave is a member of a group of
waves of comparable amplitudes. However in a typical situation the freak wave is a single and
very singular event. Thus, using any “weak modulation” model from the very beginning is a
hopeless idea.

In this article we discuss two mathematical models used by our group to study of freak
wave statistics. The first one is the exact Euler equations describing potential flow of ideal fluid
with free surface for 2-dimensional geometry. To solve these equations we use the conformal
mapping of an area filled with fluid to the lower half-plane. We have already discussed this model
in [2,7,8]. The second model is new. In fact this is a refined and maximally simplified “Zakharov
equation”. In the presented form this equation is very suitable for study of nonlinear wave
dynamics in “almost 2-dimensional” geometry, when dependence on the transverse coordinate
is slow. Let us notice that similar situation is typical for a real sea. In this article we discuss
only analytical aspects of the new model. A numerical code and results of simulations will be
published separately.

2 On the statistic of freak waves

Here we present results on quantitative study of freak waves arising from spectrally narrow
packages of gravitational waves (see [9]-[14]).

2.1 Exact basic equations

We solved numerically Euler’s equation which describes ideal fluid with a free surface in 2D-
geometry 0 < z < 27, —o0 < y < n(z). Boundary conditions on the interval ends (z = 0, 27)
were assumed periodic.

Fluid flow is considered potential, and fluid is incompressible

v=V¢, divv=0.
Therefore the potential satisfies the Laplace equation
A¢ = 0.

We perform conformal mapping of the area occupied with a fluid to the bottom half-plane (with
coordinates w = u + ). This mapping is defined by the function z = z(w), z = © + iy.
The dynamical equations are formulated for variable (see [7])

1 0P
R=— V=i—

!
z!, 0z
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and have following form

Ri(u,t) = i(UR, — U,R),

Vi(u,t) = i(UV, — BuR) + g(R — 1), 1)
U = P(VR* + RV*),
B=P(VV*),

where P is the projector operator generating a function which is analytical in the lower half-
plane P = %(1 +¢H), H is the Hilbert operator for periodic case

Hif](y) = %v.p./o i tar]:((g'l)“)du/'
2

The system (1) is widely used now. Rigorous mathematical results about resolvability of the
system (1), and also the description of methods of its numerical simulation are obtained in the
works [15-19].

2.2 Problem set-up

In our experiments initial conditions were defined as ensemble of waves running in one direction
with characteristic value of wave number Kq = 25.

We assumed that initial perturbation of a surface is set by the sum of harmonics with
random phases

1 Konas
mo(z) = Y, ¢k —ko)cos(kx — &). (2)

1
_§Kmam

Here K4, is full number of spectral modes; & is the random variate distributed on an interval
— 2K <k < iK
2 max 2 max -

Initial values of velocities in (2) were calculated according to the linear theory. Equations
for conformal mapping and complex velocity were solved by means of the iterative algorithm
offered [7] and described in details in [16].

The function ¢(k) is defined by formula

_ 6/(:’ |k| > va
(k) = {/-iexp (—ak?®) + 8k, k| < K. (3)

Here §, is independent random uniformly distributed parameters on the interval —%Km,w <
k < $Kmas.

Number 1 < K, < 10 defines spectral width, k, a are “internal” parameters of a spectrum
are defined in a way to provide for “external” parameters preset values: average steepness p
1 27

2

7 nydx

:%0

Ko , K, , -1
D= ( / k2e— ok dk) ( / e~k dk) )
— Ko —Ky

Further, contribution of random noise to the total energy F and we is no more than three
percent. 5000 individual experiments have been done. In each experiment time varied in the
range of 0 < t < 200 that corresponded approximately to 500 periods of waves. If breaking

and dispersion D
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Table
D w? = p? = u? = W2 =
1.54-107% | 2.06-10"® | 2.56-10"% | 3.08-107?

l;(j 2'017 0.141 0.638 0.828 0.849
I?w ::21 0.152 0.457 0.616 0.554
f?w:jg 0.011 0.231 0.346 0.272
I?w ::63 0.000 0.192 0.305 0.246
[22284 0.011 0.154 0.280 0.195
;13;1 fi, 0.022 0.125 0.247 0.186
2::26 0.010 0.173 0.256 0.172
ID(w::l‘; 0.000 0.058 0.216 0.170
Ilz::lg 0.000 0.136 0.208 0.151
Ilzw::lg 0.000 0.118 0.219 0.134
]?w ::2100 0.034 0.127 0.206 0.099

of waves takes place, the experiment stopped ahead of the time. In the simulations the full
number of harmonics was K,q, = 2048 or K4, = 4096 depending on a total energy which
varied within 1.5-1074* < E <410~

Registration of freak waves was made as follows. For every individual experiment the value
v was estimated by the formula

max n(zx, t)
{Inl)

Here the maximum in numerator undertakes on coordinate and on time an interval 0 <t < T,

1 T
= — t)|dt.
o =5 [ maxpn(a.o)

The freak wave thought to be appeared if the parameter v exceeded critical value v = 1.8.
This definition quantitatively not essentially differs from standard when it is considered that
freak waves twice exceed significant wave height. It was required also that the local steepness
of a wave |n,| exceeded critical value Jmax || < 0.3. This requirement is caused by obvious

physical reasons and is rather essential.

2.3 Numerical results

Results of experiments are presented in the table.

It follows from our data that even for waves of enough moderate steepness (u? ~ 2.06-1073,
w1 =~ 0.045) formation of an extreme wave occurs after short interval of time, 500 periods. (if
wave period is 2 seconds, than freak wave appears after half an hours) It is rather probable event
even if the spectral width on wave numbers is comparable with characteristic wave number.
Actually, this experiment underlines that formation of extreme waves is the ordinary event. In
the Fig. 1 the initial profile of a wave is shown.
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Fig. 1. Profile of an initial wave, average steepness: u? = 2.56 - 1073, dispersion: D = 4.
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Fig. 2. Profile of freak wave, time: t = 67.2, parameter v = 2.13 maximal steepness: 0.558.

During the evolution there was a freak wave which profile is shown in the Fig. 2.

In the Fig. 3 the density of an impulse at the moment of formation of this freak wave is
shown.

It is interesting that probability of occurrence of the extreme waves, considered as function
from an average steepness has the maximum at rather moderate steepness (% = 2.0-1073) and
then decreases while steepness increases. This fact shows the important role of competing effect
— collapse of waves. The used scheme of the calculation allows to make experiment only up to
the first collapse. We believe that the use of more perfect techniques, dependence of probability
of occurrence of extreme waves on a steepness remains monotonous.

In Fig. 4 probabilities of occurrence of freak waves as a function of dispersion are shown.
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Fig. 3. Density of an impulse at the moment of formation of the freak wave presented at Fig. 2.
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Fig. 4. Frequencies of probability of occurrence of freak waves depending on dispersion. p? = 1.54-1073
— continuous line, u? = 2.56 - 10™% — dash, u* = 2.06 - 1073 — dot line, u* = 3.08 - 10~2 — dot-dash.

3 Compact model for deep water waves

In this section we study dynamics of water waves in “almost 2-dimensional” geometry, when
dependence on the transverse coordinate is slow. In fact this is simplified “Zakharov equation”.
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3.1 Four-wave interaction

The main mechanism of of gravity wave interaction is four-wave scattering, satisfying the fol-
lowing resonant conditions

k+ k= ky + ks, (4)
Wi + Wi, = Wk, + Wk,

here k; are wave vectors of the waves, and wy = /gk is the dispersion law. The corresponding
effective Hamiltonian is

* 1 * 7%
H = /wkbkbkdk + 5 /TZ?C?I)]C klbk2bk35k+k1,k2,k3dkdk1dk2dk3 + ... (5)

here b complex amplitudes of propagating waves [20,21].
The system (4) describes a certain two-dimensional manifold in four-dimensional space
(k, k1, ko, k3). This manifold has a trivial component

ko =k, ks=k, or kao=k, k3=k, (6)

but it has also a nontrivial part. Let k,k1,k3 > 0,k2 < 0. Now (4) describes the rational
manifold, which can be parametrized in the following way:

k=a(l+¢)?,
ki =a(l+ ()¢, (7)
k2 = —GCQ,

kg = a(l+C+ )%

here 0 < ¢ < 1 and a > 0. It is easy to see that these two manifolds, (6) and (7), represent the
general solution for resonant interaction (except trivial permutations).
It was shown in [22] that the coefficient

koks _
Tkk1 =0

on the manifold (7). This remarkable property means that the system with Hamiltonian (5) is
almost integrable.

3.2 Derivation of four-wave Hamiltonian

Let us start set of equation describing a two dimensional potential flow of an ideal incompressible
fluid with a free surface in a gravity field:

Gpz + P2 =0 (¢ = 0,2 = —00),

ne + nz¢x = (bz

z=n

But 5 (8482 +gn =0

z=n

here n(xz,t) — is the shape of a surface, ¢(z, z,t) — is a potential function of the flow and g — is
a gravitational constant. As was shown in [20], the variables n(z,t) and ¥(z,t) = ¢(x, 2, t)| .=y
are canonically conjugated, and their Fourier transforms satisfy the equations

o oH e OH

ot on; ot spr
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Here H = K + U is the total energy of the fluid with the following kinetic and potential energy

terms:
1 n
K:§/dx/ vz U:g/nzdx.

A Hamiltonian can be expanded in an infinite series in powers of a characteristic wave steepness
ki < 1 (see[20,21]). Our goal is to derive effective four wave Hamiltonian. Effective - means
that three-wave interactions (which can not provide resonance interaction on deep water) must
be excluded by some transformation. It is easier make derivation after conformal transformation
of the 2-D domain (with the curved boundary) occupied by the fluid to the lower half-plane
[7,23].

So, one can perform, as before, the conformal transformation to map the domain that is
filled with fluid,

—00 < & < 00, —o0 < z < n(z,t)
in physical plane to the lower half-plane
—o00 < u < —00, —oo < v <0, w=1u+
in conformal w-plane. Now, the shape of surface 7(z,t) is presented by parametric equations
z = z(u,t), x = z(u,t),

where z(u,t) and z(u,t) are related through Hilbert transformation

z=H (x(u,t) —u), z(u,t) = u — Hz(u,t). o
Here
H(f(u)) =P.v% / °° %

We introduce also complex velocity potential
O(w,t) = V(u,v,t) + iO(u, v, t).
Dynamic equation (boundary conditions on the surface) now have the following form:

21y — Ty2y = —H,,,
Uy — 2,0y + gzxy = H (U2 — 20, + g22,) (10)

Hamiltonian

H= —/ Wﬁ\Pudu + g/ 22z du

— 00 — 00

with the hamiltonian variables z and P, where P and ¥ are related through

Pz, + I:I(’qu)
g = DL TR
22 + a2

and the Hamiltonian of the system is

H= —/ VH, du + g/ 22z, du. (11)

— 00 — 00
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The equations of motion can be written in the explicit Hamiltonian form (which includes Hilbert
transformation):

P H 0z oM

at - bz ot~ 0P
Hamiltonian is quadratic function of P and can be expanded in powers of z:

H=Ho +Hs + HT? +

Before doing that it is convenient to introduce conformal normal complex variables ay,

Wi N 2g
zkzﬂg(ak—ka_k) Pr = —1 wk(k_a i)

which satisfies the equation of motion

1

6ak 57’[
W +25az =0.

Quadratic, cubic and fourth order terms are:

Ho = /wkaka;;dk:

1
7—[3: / k2k3{ak1ak2ak3+ak1ak2ak3}5k1 ko— ksdkldkgdk‘g

1 * *
t5 /Uk1k2k3{ak1 Akoy Ay + Qg Ay gy YOk, ko + k@1 dR2dEs,

1 * ok
Tl / WS a2 0 iy g S — i hdiladsdes.

Expressions for Vk’zlka, Uk, koks and T/ka1 can be found in Sect. 4.

Hamiltonian A in the normal varlables ar is not “canonical”. It has cubic term H3 which
can be excluded by appropriate transformation (see [24-26]):

ar = b + /lekzbklbkﬁkwrkz - 2/Fﬁilbilbk25k+krk2
+/Fkk1kzbzlbi25k+k1+kz +/Bffésbilkabk35k+k1—k2—k3 +...

kki _ k1 ks ko
Bk2k3 Dk — kzrkkg k+Fk3k1—k3Fkk2—k

ks k k2
Fk2k' kQFklk:; kl _Fkgkl—kgrklkg—kl
k+k1pkotks nkki
_Fkkl Fk‘gkg + r*k*klkklrszfkshks + Bk2k3' (12)
Here
k
_ 1 Virks 1 Ukkiks
Tfg, = —5—2>—— Prksky =—5——F— .
2wk—wk1 — W, 2wk+wk1+wk2

Coeflicient B,’:fés is an arbitrary function, satisfying the following symmetry conditions:

k}k}l . k}lk‘ k?kl _ k2k3
Bk}zkg B Bk?gk (Bk;kzl ) .

The transformation (12) is canonical up to terms of the order of |by|*.
Hamiltonian # in the new variables by has the simple, effective form (cubic term vanishes):

1
H = / wibkbidk + 5 / Tkt 0Dy, bk s Ok — kg — ko hillerd .

1 ; 1 ;
1 The following Fourier transform is introduced: fi = —/f w)e My, flu) = —/fkelk“dk.
o (w) (u) o
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3.3 Quasi-integrable 1-D equation

The form of T,ffkls depends on choice of the function B,’jf,;g in the transformation (12). The

simplest choice is B¥*! = 0. Then (as it was shown in [22,27])
k2k3

kk1 — kkl
Tk2k3 - Wk2k3

_lvkkk k kaBk k { . + : ]
2 TR MBS TR Wy Wh—ky — Wk Wiy T+ Why—ky — Why
_lvkklk ko Vel i [ ! + ! }
2 Re2R1—R2 3TN | Why T+ Why —ky — WEy Wi+ Wgy—k — Wy
Ly oy [ 1 N 1 ]
—ks Vi ka—k
2 R RMERTE A p F Wy — WE Why T Why—ky — Wy
Lymo g [ ! - ! }
kaki—ks Vkko—k
2 BT R Wy Why—ky — Why Wk T Why—k — Wk,
_EVkJrIka?erka l: 1 4 1 :|
kky  Vkok
200 | Wiy — Wk — Why Whythy — Why — Wy
1 1 1
——U_k— by kb U—koy—kskok + . 13
2 1 1 2 3R2R3 wk+kl +wk +wk1 wk2+k3 +wk2 +wk3 ( )

Let us denote this particular choice of coefficient T,Zkkla as T,ff,%. It

mkky
Tk2k3 =0

on the manifold (7) while it diagonal part T,f,fll which we denote as Ty, has the simple form:
- 1 .
Tk, = m|k||k1|mm(\k|a |k ])-

Using this diagonal part one can construct the following function (with tilde):

~ 1 1
Ty, = [2(Tkk2 + Tk + Thaka + Thka) = 3 (T + Thrka + Theaka + Thaka) | O(kk1kzks),

1, ifz>0
O(z) = 4 =% 14
(2) {07 if ¢ < 0. (14)

It is obvious that both diagonal parts of T,ffkls and T, ,ffklg are the same:
T =1 = Ti,
TFk coincides with original four-wave coefficient on the resonant manifold (7) up to some

kk:
canonical transformation like (12) with B,’:f,;g as follow

Tkky ~kkq
Tkzkz T koks

WE + Wi, — WEy — Wk,

pkki
koks —

Corresponding hamiltonian
* 1 2 * 1%
H = / wrbkbidk + / Tt b7, Doy breg Otk — ey — ey A ey iy i

describes “quasi-integrable” system in a sense that four-wave interaction are absent, and only
five and higher order are in force [27,28].
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3.4 “Almost” 1-D water waves

Dynamic equation for by, is

Zﬁait = wiby, + by / TR bk, bk iy Oy —ka— ko Al dky dkey ds. (15)

Now let us consider slow dependence of b, on transverse coordinate y. The most important
contribution to transverse dynamics comes from linear term, so that

wibe = Wk (y)br (),
while in the nonlinear frequency shift (which is much smaller then linear frequency) dependence
on y appears only in by:
; 90k (y) _
ot

( b/c—l-b/c Z Tk:k:1|bk1 | (16)

k] =—00
Here &y (y) in k-space has obvious form:
N 1
Or(y)— > (B> + k§)4
Equation (16) can be solved on the computer much more effectively due to drastic simplicity
T,ff,;a in comparison with original 7| fzk,gg from (13) for Zakharov’s equation.

This work was supported by the US Army Corps of Engineers Grant W912-BU-08-P-0143, by ONR
Grant N00014-06-C-0130, NSF Grant DMS 0404577, Grant NOPP ”TSA-a two scale approximation for
wind-generated ocean surface waves”, RFBR Grant 09-01-00631 and RFBR Grant 07-01-92165-CNRS,
RFBR Grant 09-05-13605, the Program ”Fundamental Problems in Nonlinear Dynamics” from the
RAS Presidium, and Grant ”Leading Scientific Schools of Russia”.

4 Supplement

1 k % k % k i

g4 1 1 2 3
Ve = (k| + |ka| + |Ks)) | |k ko kil — k2| — ksl | -
kaks 5 471_(\ 1+ k| + | 3|)<| 1R2 3|4+(k2k3) |F1] <k1k3) k2| <k1k2> | 3|>

1

1 1 1
gZ kl 1 kQ a kg 1
=—(|k k k k1kok k —_— k —_— k .
Uk koks 2 Tﬁ“ 1] + k2| + | 3)<| 1k2 3|4+<k k;3> \ 1|+(k1k3> | 2|+(k1k2 K]

1
kiko 1 kiks |4 kiks 1
kiks _ 1K2 —ki—k 1K3 —kik 1Rq 10 pk
Wk)glkf (k k ‘ Mk?’kz ?— k2k4 _kzlkj - |k2k3 |4Mk;3_1k24
1 1
Y U 0 O U Y Y
kyky ks kiks3 ks k1K Mok, ) (17)
here
ME2 = (|ks| + [kal) (kika + |kika]) + L p2 (k1 + K| + |k + kal + [k2 + K| + |k2 + k)
5(|k1lk2(2k2 + k3 + ka) + k1 |k2|(2k1 + k3 + ka)) (18)
+ |k1|k2(|k3|sign(k2 =+ k4) + |k4|sign(k2 + kg)) (19)
+ kilko|(|k3lsign(ky + kq) + |kalsign(ky + k3))) (20)
and

Lk1k2 = klk'g + |k‘1]€2|
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