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RHP with canonical normalization

ξ+(x, t, λ) = ξ−(x, t, λ)G(x, t, λ), λk ∈ R, lim
λ→∞

ξ+(x, t, λ) = 11,

ξ±(x, t, λ) ∈ G
Consider particular type of dependence G(x, t, λ):

i
∂G

∂x
− λk[J,G(x, t, λ)] = 0, i

∂G

∂t
− λk[K,G(x, t, λ)] = 0.

where J ∈ h ⊂ g.
The canonical normalization of the RHP:

ξ±(x, t, λ) = expQ(x, t, λ), Q(x, t, λ) =

∞∑
k=1

Qk(x, t)λ
−k.

where all Qk(x, t) ∈ g. However,

J (x, t, λ) = ξ±(x, t, λ)Jξ̂±(x, t, λ), K(x, t, λ) = ξ±(x, t, λ)Kξ̂±(x, t, λ),



belong to the algebra g for any J and K from g. If in addition K also
belongs to the Cartan subalgebra h, then

[J (x, t, λ),K(x, t, λ)] = 0.

Zakharov-Shabat theorem

Theorem 1. Let ξ±(x, t, λ) be solutions to the RHP whose sewing func-
tion depends on the auxiliary variables x and t as above. Then ξ±(x, t, λ)
are fundamental solutions of the following set of differential operators:

Lξ± ≡i∂ξ
±

∂x
+ Us(x, t, λ)ξ

±(x, t, λ)− λk[J, ξ±(x, t, λ)] = 0,

Mξ± ≡i∂ξ
±

∂t
+ V (x, t, λ)ξ±(x, t, λ)− λk[K, ξ±(x, t, λ)] = 0.

Proof. Introduce the functions:

g±(x, t, λ) = i
∂ξ±

∂x
ξ̂±(x, t, λ) + λkξ±(x, t, λ)Jξ̂±(x, t, λ),

p±(x, t, λ) = i
∂ξ±

∂t
ξ̂±(x, t, λ) + λkξ±(x, t, λ)Kξ̂±(x, t, λ),



and using

i
∂G

∂x
− λk[J,G(x, t, λ)] = 0, i

∂G

∂t
− λk[K,G(x, t, λ)] = 0.

prove that

g+(x, t, λ) = g−(x, t, λ), p+(x, t, λ) = p−(x, t, λ),

which means that these functions are analytic functions of λ in the whole
complex λ-plane. Next we find that:

lim
λ→∞

g+(x, t, λ) = λkJ, lim
λ→∞

p+(x, t, λ) = λkK.

and make use of Liouville theorem to get

g+(x, t, λ) = g−(x, t, λ) = λkJ −
k∑

l=1

Us;l(x, t)λ
k−l,

p+(x, t, λ) = p−(x, t, λ) = λkK −
k∑

l=1

Vl(x, t)λ
k−l.



We shall see below that the coefficients Ul(x, t) and Vl(x, t) can be ex-
pressed in terms of the asymptotic coefficients Qs of ξ±(x, t, λ).

Now remember the definition of g+(x, t, λ)

g±(x, t, λ) = i
∂ξ±

∂x
ξ̂±(x, t, λ) + λkξ±(x, t, λ)Jξ̂±(x, t, λ)

= λkJ −
k∑

l=1

Us;l(x, t)λ
k−l,

Multiply both sides by ξ±(x, t, λ) and move all the terms to the left:

i
∂ξ±

∂x
+

k∑
l=1

Ul(x, t)λ
k−lξ±(x, t, λ)− λk[J, ξ±(x, t, λ)] = 0,

i.e. Lξ±(x, t, λ) = 0.

Lemma 1. The operators L and M commute

[L,M ] = 0,



i.e. the following set of equations hold:

i
∂U

∂t
− i

∂V

∂x
+ [U(x, t, λ)− λkJ, V (x, t, λ)− λkK] = 0.

where

U(x, t, λ) =

k∑
l=1

Ul(x, t)λ
k−l, V (x, t, λ) =

k∑
l=0

Vl(x, t)λ
k−l.

Jets of order k

How to parametrize U(x, t, λ) and V (x, t, λ)?
Use:

ξ±(x, t, λ) = expQ(x, t, λ), Q(x, t, λ) =
∞∑
k=1

Qk(x, t)λ
−k.



and consider the jets of order k of J (x, λ) and K(x, λ):

J (x, t, λ) ≡
(
λkξ±(x, t, λ)Jlξ̂

±(x, t, λ)
)
+
= λkJ − U(x, t, λ),

K(x, t, λ) ≡
(
λkξ±(x, t, λ)Kξ̂±(x, t, λ)

)
+
= λkK − V (x, t, λ).

Express U(x) ∈ g in terms of Qs(x):

J (x, t, λ) = J +

∞∑
k=1

1

k!
ad k

QJ, K(x, t, λ) = K +

∞∑
k=1

1

k!
ad k

QK,

adQZ = [Q,Z], ad 2
QZ = [Q, [Q,Z]], . . .

and therefore for Ul we get:

U1(x, t) = −adQ1J, U2(x, t) = −adQ2J − 1

2
ad 2

Q1
J

U3(x, t) = −adQ3
J − 1

2
(adQ2

adQ1
+ adQ1

adQ2
) J − 1

6
ad 3

Q1
J.

and similar expressions for Vl(x, t) with J replaced by K.



Reductions of polynomial bundles

a) Aξ+,†(x, t, ϵλ∗)Â = ξ̂−(x, t, λ), AQ†(x, t, ϵλ∗)Â = −Q(x, t, λ),

b) Bξ+,∗(x, t, ϵλ∗)B̂ = ξ−(x, t, λ), BQ∗(x, t, ϵλ∗)B̂ = Q(x, t, λ),

c) Cξ+,T (x, t,−λ)Ĉ = ξ̂−(x, t, λ), CQ†(x, t,−λ)Ĉ = −Q(x, t, λ),

where ϵ2 = 1 and A, B and C are elements of the group G such that
A2 = B2 = C2 = 11. As for the ZN -reductions we may have:

Dξ±(x, t, ωλ)D̂ = ξ±(x, t, λ), DQ(x, t, ωλ)D̂ = Q(x, t, λ),

where ωN = 1 and DN = 11.

On N-wave equations – k = 1

Zakharov, Shabat, Manakov (1974)



Lax representation involves two Lax operators linear in λ:

Lξ± ≡i∂ξ
±

∂x
+ [J,Q(x, t)]ξ±(x, t, λ)− λ[J, ξ±(x, t, λ)] = 0,

Mξ± ≡i∂ξ
±

∂t
+ [K,Q(x, t)]ξ±(x, t, λ)− λ[K, ξ±(x, t, λ)] = 0.

The corresponding equations take the form:

i

[
J,
∂Q

∂t

]
− i

[
K,

∂Q

∂x

]
− [[J,Q], [K,Q(x, t)]] = 0

Q(x, t) =

 0 u1 u3
−v1 0 u2
−v3 −v2 0

 ,
J = diag (a1, a2, a3),

K = diag (b1, b2, b3),



Then the 3-wave equations take the form:

∂u1
∂t

− a1 − a2
b1 − b2

∂u1
∂x

+ κϵ1ϵ2u
∗
2u3 = 0,

∂u2
∂t

− a2 − a3
b2 − b3

∂u2
∂x

+ κϵ1u
∗
1u3 = 0,

∂u3
∂t

− a1 − a3
b1 − b3

∂u3
∂x

+ κϵ2u
∗
1u

∗
2 = 0,

where

κ = a1(b2 − b3)− a2(b1 − b3) + a3(b1 − b2).

New 3-wave equations – k ≥ 2

Let g = sl(3) and

Q1(x, t) =

 0 u1 u3
−v1 0 u2
−v3 −v2 0

 , Q2(x, t) =

 q11 w1 w3

−z1 q22 w2

−z3 −z2 q33

 ,



Fix up k = 2. Then the Lax pair becomes

Lξ± ≡ i
∂ξ±

∂x
+ U(x, t, λ)ξ±(x, t, λ)− λ2]J, ξ±(x, t, λ)] = 0,

Mξ± ≡ i
∂ξ±

∂t
+ V (x, t, λ)ξ±(x, t, λ)− λ2]K, ξ±(x, t, λ)] = 0,

where

U ≡ U2 + λU1 =

(
[J,Q2(x)]−

1

2
[[J,Q1], Q1(x)]

)
+ λ[J,Q1],

V ≡ V2 + λV1 =

(
[K,Q2(x)]−

1

2
[[K,Q1], Q1(x)]

)
+ λ[K,Q1].

Impose a Z2-reduction of type a) with A = diag (1, ϵ, 1), ϵ2 = 1. Thus
Q1 and Q2 get reduced into:

Q1 =

 0 u1 0
ϵu∗1 0 u2
0 ϵu∗2 0

 , Q2 =

 0 0 w3

0 0 0
w∗

3 0 0

 ,



and we obtain new type of integrable 3-wave equations:

i(a1 − a2)
∂u1
∂t

− i(b1 − b2)
∂u1
∂x

+ ϵκu∗2u3 + ϵ
κ(a1 − a2)

(a1 − a3)
u1|u2|2 = 0,

i(a2 − a3)
∂u2
∂t

− i(b2 − b3)
∂u2
∂x

+ ϵκu∗1u3 − ϵ
κ(a2 − a3)

(a1 − a3)
|u1|2u2 = 0,

i(a1 − a3)
∂u3
∂t

− i(b1 − b3)
∂u3
∂x

− iκ

a1 − a3

∂(u1u2)

∂x

+ ϵκ

(
a1 − a2
a1 − a3

|u1|2 +
a2 − a3
a1 − a3

|u2|2
)
u1u2 + ϵκu3(|u1|2 − |u2|2) = 0,

where

κ = a1(b2 − b3)− a2(b1 − b3) + a3(b1 − b2), u3 = w3 +
2a2 − a1 − a3
2(a1 − a3)

u1u2.

The diagonal terms in the Lax representation are λ-independent.



Two of them read:

i(a1 − a2)
∂|u1|2

∂t
− i(b1 − b2)

∂|u1|2

∂x
− ϵκ(u1u2u

∗
3 − u∗1u

∗
2u3) = 0,

i(a2 − a3)
∂|u2|2

∂t
− i(b2 − b3)

∂|u2|2

∂x
− ϵκ(u1u2u

∗
3 − u∗1u

∗
2u3) = 0,

These relations are satisfied identically as a consequence of the NLEE.

New types of 4-wave interactions

The Lax pair for these new equations will be provided by:

Lψ = i
∂ψ

∂x
+ (U2(x, t) + λU1(x, t)− λ2J)ψ(x, t, λ) = 0,

Mψ = i
∂ψ

∂t
+ (V2(x, t) + λV1(x, t)− λ2K)ψ(x, t, λ) = 0,



where Uj(x, t) and Vj(x, t) are fast decaying smooth functions taking
values in the Lie algebra so(5)

U1(x, t) = [J,Q1(x, t)], U2(x, t) = [J,Q2(x, t)]−
1

2
ad 2

Q1
J,

V1(x, t) = [K,Q1(x, t)], V2(x, t) = [K,Q2(x, t)]−
1

2
ad 2

Q1
K.

Here adQ1X ≡ [Q1(x, t), X].
Assume Q1(x, t) and Q2(x, t) to be generic elements of so(5):

Q1(x, t) =
∑

α∈∆+

(q1αEα + p1αE−α) + r11He1 + r12He2 ,

Q2(x, t) =
∑

α∈∆+

(q2αEα + p2αE−α) + r21He1 + r22He2 ,

J = a1He1 + a2He2 = diag (a1, a2, 0,−a2,−a1),
K = b1He1 + b2He2 = diag (b1, b2, 0,−b2,−b1),



Next we impose on Q1(x, t) and Q2(x, t) the natural reduction

B0U(x, t, ϵλ∗)†B−1
0 = U(x, t, λ), B0 = diag (1, ϵ, 1, ϵ, 1), ϵ2 = 1.

As a result:

B0(χ
+(x, t, ϵλ∗))†B−1

0 = (χ−(x, t, λ))−1, B0(T (t, ϵλ
∗))†B−1

0 = (T (t, λ))−1,

which provide p1α = ϵ(q1α)
∗, p2α = ϵ(q2α)

∗. Then the Lax representation
will be a (rather complicated) system of 8 NLEE for the 8 independent
matrix elements q1α and q2α.

However we can impose additional Z2 reduction condition

Dξ±(x, t,−λ)D̂ = ξ±(x, t, λ), DQ(x, t,−λ)D̂ = Q(x, t, λ),

D = diag (1,−1, 1,−1, 1)



Q1(x, t) = u1Ee1−e2 + u2Ee2 + u3Ee1+e2 + v1E−e1+e2 + v2E−e2 + v3E−e1−e2

=


0 u1 0 u3 0
v1 0 u2 0 u3
0 v2 0 u2 0
v3 0 v2 0 u1
0 v3 0 v1 0

 ,

Q2(x, t) = u4Ee1 + v4E−e1 + w1He1 + w2He2

=


w1 0 u4 0 0
0 w2 0 0 0
w4 0 0 0 u4
0 0 0 −w2 0
0 0 −v4 0 −w1

 ,

J = a1He1 + a2He2 = diag (a1, a2, 0,−a2,−a1),
K = b1He1 + b2He2 = diag (b1, b2, 0,−b2,−b1),

Combining both reductions for the matrix elements of Qj(x, t) we have:

v1 = ϵu∗1, v2 = ϵu∗2, v3 = ϵu∗3, v4 = u∗4,



The commutativity condition for the Lax pair

i

(
∂V2
∂x

+ λ
∂V1
∂x

)
− i

(
∂U2

∂t
+ λ

∂U1

∂t

)
+ [U2 + λU1 − λ2J, V2 + λV1 − λ2K] = 0

must hold identically with respect to λ. The terms proportional to λ4,
λ3 and λ2 vanish identically. The term proportional to λ and the λ-
independent term vanish provided Qi satisfy the NLEE:

i
∂V1
∂x

− i
∂U1

∂t
+ [U2, V1] + [U1, V1] = 0,

i
∂V2
∂x

− i
∂U2

∂t
+ [U2, V2] = 0.



In components the corresponding NLEE:

− 2i(a1 − a2)
∂u1
∂t

+ 2i(b1 − b2)
∂u1
∂x

+ κϵu∗2(ϵu
∗
2u3 − u1u2 − 2u4) = 0,

− 2ia2
∂u2
∂t

+ 2ib2
∂u2
∂x

− κ(u2ϵ(|u3|2 − |u1|2) + 2u3u
∗
4 + 2ϵu∗1u4) = 0,

− 2i(a1 + a2)
∂u3
∂t

+ 2i(b1 + b2)
∂u3
∂x

+ κu2(ϵu
∗
2u3 − u1u2 + 2u4) = 0,

− 2ia1
∂u4
∂t

+ 2ib1
∂u4
∂x

+ i
∂

∂t
(−(2a2 − a1)u1u2 + (2a2 + a1)ϵu

∗
2u3)

+ i(2b2 − b1)
∂(u1u2)

∂x
− i(2b2 + b1)ϵ

∂(u∗2u3)

∂x
− κ

(
2ϵu4(|u1|2 − |u3|2)

+ ϵu1u2(|u1|2 + 3|u3|2)− u3u
∗
2(3|u1|2 + |u3|2)

)
= 0.

Let us now introduce

U4 = u4 −
1

2a1
((a1 − a2)u1u2 + (a1 + a2)ϵu3u

∗
2).



As a result we get:

− 2i(a1 − a2)
∂u1
∂t

+ 2i(b1 − b2)
∂u1
∂x

− κϵ

a1
u∗2(2a1U4 + ϵa2u

∗
2u3 + (2a1 − a2)u1u2) = 0,

− 2ia2
∂u2
∂t

+ 2ib2
∂u2
∂x

− κϵ

a1
u2((2a1 + a2)|u3|2 − a2|u1|2)

− 2κ(u3U
∗
4 + ϵu∗1U4 + u∗1u

∗
2u3) = 0,

− 2i(a1 + a2)
∂u3
∂t

+ 2i(b1 + b2)
∂u3
∂x

+
κ

a1
u2(ϵ(2a1 + a2)u

∗
2u3 − a2u1u2 + 2a1U4) = 0,

− 2ia1
∂U4

∂t
+ 2ib1

∂U4

∂x
+
iκ

a1

∂u1u2
∂x

− iκϵ

a1

∂u∗2u3
∂x

− κ

a1

(
2ϵU4(|u1|2 − |u3|2) + (ϵu1u2 − u3u

∗
2)((2a1 − a2)|u1|2 + (2a1 + a2)|u3|2)

)
= 0,



One parameter family of MKdV and so(8)

Normally with each simple Lie algebra one can associate just one MKdV
eq.

The only exception is so(8) which allows a one-parameter family of
MKdV equations. The reason is that only so(8) has 3 as a double expo-
nent!



∂tq1 =
∂

∂x

[
2a(∂2xq1 −

√
3q1∂xq2)−

√
3
[
(3a+ b)q4∂xq3 + (3a− b)q3∂xq4

]
− 3q1

(
2aq22 + (a− b)q23 + (a+ b)q24

) ]
,

∂tq2 =
∂

∂x

(√
3∂x − 6q2

)[
aq21 +

a+ b

2
q23 +

a− b

2
q24

]
∂tq3 =

∂

∂x

[
− (a+ b)∂2xq3 +

√
3q3∂xq2 −

√
3
[
(3a+ b)q4∂xq1 + 2bq1∂xq4

]
+ 3q3

(
2aq24 + (a− b)q21 + (a+ b)q22

) ]
,

∂tq4 =
∂

∂x

[
− (a− b)(∂2xq4 −

√
3q4∂xq2)−

√
3
[
(3a− b)q3∂xq1)− 2bq1∂xq3

]
+ 3q4

(
2aq23 + (a− b)q22 + (a+ b)q21

) ]
.



Hamiltonian properties of the N-wave equa-
tions

For standard N -wave equations related to the simple Lie algebra g:
Introduce grading and basis compatible with it:

g̃ =
h−1
⊕
k=0

g̃[s] (1)

Introduce basis in

g̃[s] ≡ h, g̃[s] = l.c.{Es
α,hgtα = s}.

[Es
α, E

m
β ] = Nα,βE

s+m
α+β .

[H,Em
α ] = α(H)Em

α .

[Eα, E−α] = Hα.

The dual algebra also has a natural grading:
The phase space for the N -wave eqs. – co-adjoint orbit passing

through J



The non-trivial Poisson brackets are:

{uα(x), u∗β(y)} = δα,−βα(J)δ(x− y). (2)

Generalization to polynomial bundles – Reyman, Kulish and Semenov-
Tian-Schanskii (1980)

For the new N -wave equations:
Consider Kac-Moody algebra g̃ with elements the grading:

U(λ) =
∑
s

Usλ
s, V (λ) =

∑
s

Vsλ
s, Us, Vs ∈ g̃[s].

g̃∗ =
h−1
⊕
k=0

g̃[∗,s] (3)

Lax operator contains
∑k

s=0 Us(x)λ
k−s where

Us(x) =
∑

α,hgt α=s

us,α(x)Eα,



Central extension:
Eα = (Eα, cp),

[Eα, Eβ ]p = ([Eα, Eβ ], ωp(Eα, Eβ)),

where ωp(X,Y ) is a co-cycle.

ωp(X,Y ) =

∫ ∞

−∞
Res λ−p−1

⟨
X(x, λ),

∂Y

∂x
(x, λ)

⟩
.

Then the Lax equation acquires explicit Hamiltonian form. Some of the
Poisson brackets become:

{us,α(x), um,β(x)} = −Nα,βus+m,α+β(x)δ(x− y) + cδs+m,pδα,−β⟨Eα, Eβ⟩δ′(x− y).
(4)



Conclusions and open questions

• More classes of new integrable equations: i) higher rank simple Lie
algebras; ii) different types of grading; iii) different power k of the
polynomials U(x, t, λ) and V (x, t, λ) and iv) different reductions of
U and V .

• These new NLEE must be Hamiltonian. View the jets U(x, t, λ)
and V (x, t, λ) as elements of co-adjoint orbits of some Kac-Moody
algebra.

• Apply Zakharov-Shabat dressing method for constructing their N -
soliton solutions and study their interactions.

• Analyze the Hamiltonian properties of the new N -wave equations
– work in progress.

• Apply the above methods to twisted Kac-Moody algebras – work
in progress



Thank you for your
attention!


