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Mean-field approximation.
Basic equation of BEC dynamics

Gross-Pitaevskii (GP) equation:

i~
∂Ψ

∂t
= − ~2

2mb
∆Ψ + g

∣∣Ψ∣∣2Ψ + Vext(r, t) Ψ

Here, Ψ(r, t)=
∣∣Ψ(r, t)

∣∣ exp
(
iϑ(r, t)

)
is the classical wave function;

n(r, t)=
∣∣Ψ(r, t)

∣∣2 is the density of condensate atoms;

v(r, t)=~
/
m∇ϑ(r, t) is the velocity field in the BEC;

g=4π~2as
/
mb is the interaction coupling constant;

as is the s -wave scattering length; mb is the atomic mass.

External-force potential:

Vext(r, t) = Vtrap(r) + Vpb(r, t),

where Vtrap(r)=mb

(
ω2
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2+ω2
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2+ω2
zz

2
)/

2 is the confining trap potential,

Vpb(r, t) is the nonstationary potential barrier.

Characteristic scales for the BEC wave function:

ax =
√

~
/
mbωx, ay =

√
~
/
mbωy, az =

√
~
/
mbωz.
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as>0 for repulsive interactions between atoms.

az�ah=
√
~2
/
mbgn0�ax, ay. ⇒ φho,0(z)=

(
πa2

z

)−1/4
exp
(
−z2

/
2a2
z

)
.

We restricted our consideration to the 2D problem: r = (x, y).

Dimensionless variables: r′ = r
/
r0, t′ = t

/
t0, v′ = v

/
cs.

Ψ′= Ψ exp(−it′)
/√
n0 , V ′ext=Vext

/
g2dn0.

r0 = ~
/√
mg2dn0 is the healing length; t0 = r0

/
cs= ~

/
g2dn0;

cs =
√

g2dn0/m is the sound velocity; g2d=g
/√

2πaz.

Nonlinear Schrödinger (NLS) equation:

i
∂Ψ

∂t
+

1

2
∆Ψ +

(
1− |Ψ|2

)
Ψ = Vext(r, t) Ψ.

Madelung transform: Ψ(r, t) = ψ(r, t) exp (iθ(r, t)) .
System of hydrodynamic equations for a compressible inviscid liquid:

∂ψ2

∂t
+ div

(
ψ2∇θ

)
= 0,

∂ θ

∂t
+

1

2

(
∇θ
)2

= 1− ψ2 +
∆ψ

2ψ
+ Vext(r, t) .
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2D dark solitons in a homogeneous BEC

The GPequation without Vext(r, t) has a single-parameter family of solutions in
the form of 2D dark solitons moving at a constant velocity v̄.

Vext(r, t)=0, Ψs=Ψs(ξ, y, v̄), Ψs

(√
ξ2+y2 →∞

)
→1, ξ=x−v̄t, v̄=const.

−iv̄ ∂Ψs

∂ξ
+

1

2

∂2Ψs

∂ξ2
+

1

2

∂2Ψs

∂y2
+
(

1−
∣∣Ψs

∣∣2)Ψs = 0.

The properties of the 2D dark solitons were studied in detail in the references:
[1] Jones C.A., Roberts H. Motions in a Bose condensate. IV. Axisymmetric

solitary waves. // J. Phys. A: Math. Gen. 1982. V. 15, no. 8. Pp. 2599 – 2619.
[2] Jones C.A., Putterman S., Roberts H.Motions in a Bose condensate. V. Stabi-

lity of solitary wave solutions of nonlinear Schrödinger equations in two and
three dimensions. // J. Phys.A:Math.Gen. 1986. V. 19, no. 15. Pp. 2991 – 3011.

[3] Kuznetsov E.A., Rasmussen J. J. Instability of two-dimensional solitons and
vortices in defocusing media. //Phys. Rev. E. 1995. V. 51, no. 5. Pp. 4479 – 4484.

[4] Berloff N.G. Padé approximations of solitary wave solutions of the Gross-
Pitaevskii equation. // J. Phys.A:Math.Gen. 2004. V. 37, no. 5. Pp. 1617 – 1632.

[5] Tsuchiya S., Dalfovo F., Pitaevskii L. P. Solitons in two-dimensional Bose-
Einstein condensates. // Phys. Rev. A. 2008. V. 77, no. 4. Pp. 045601 (4).

,
Dynamics of 2D dark solitons in a smoothly inhomogeneous flow of BEC [4/17]



The velocity v̄ plays the role of the problem parameter. Depending on its value,
2D dark solitons can be vortex and vortex-free.

Vortex 2D dark solitons ( v̄<v̄∗=0.61 )
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In the limit of small velocities v̄ (|v̄|�1) a soliton is a vortex pair, whose momentum
P̄ are related with its energy Ē as for a pair of point vortices. P̄ ≈2π exp

(
Ē
/

2π
)
.

Vortex-free 2D dark solitons ( v̄∗=0.61<v̄≤1 )
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In the limit of transonic velocities v̄ (1−|v̄|�1) a 2D dark soliton coincides with
known solution of the Kadomtsev-Petviashvili (KP) equation. P̄ ≈Ē−3Ē3

/
128π2 .
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Variation problem: δ
(
H− v̄Px

)
= 0.

H=
1

2

+∞∫
−∞

dy

+∞∫
−∞

dξ

[∣∣∇Ψ
∣∣2+

(
1−
∣∣Ψ∣∣2)2], P=

i

2

+∞∫
−∞

dy

+∞∫
−∞

dξ
(

Ψ∇Ψ∗−Ψ∗∇Ψ
)
.

Integral relations for the energy Ē and the momentum P̄:

Ē=

+∞∫
−∞

dy

+∞∫
−∞

dξ

∣∣∣∣∂Ψs

∂ξ

∣∣∣∣2, Ē−v̄P̄=

+∞∫
−∞

dy

+∞∫
−∞

dξ

∣∣∣∣∂Ψs

∂y

∣∣∣∣2, v̄P̄=

+∞∫
−∞

dy

+∞∫
−∞

dξ
(

1−
∣∣Ψs

∣∣2)2.
Velocity of a 2D dark soliton: v̄ = dĒ

/
dP̄ < Ē

/
P̄.

Approximation for
the dependence

of P̄ on Ē:

P̄
(
Ē
)

=α
(
Ē
)
sh

[
Ē

α
(
Ē
)],

α
(
Ē
)

=2π+
2π

3
exp

[
− Ē

2

9.82

]
.
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Asymptotic description of the dynamics of 2D dark
solitons in a smoothly inhomogeneous BEC

Ψ(r, t) = Ψb(r)F (r, t) .

Ψb(r)=ψb(r) exp
[
θb(r)

]
is the undistur-

bed part of the wave function, whose
structure is considered known and which
satisfies the stationary GP equation.
1

2
∆Ψb+

(
1−
∣∣Ψb

∣∣2)Ψb−Vext(r) Ψb = 0.

Here,nb(r)= |ψb(r)|2 andvb(r)=∇θb(r)
are the density distribution and the flow
velocity of background BEC, for examp-
le, formed under the action of Vext(r).
Λb is a characteristic scale of the func-
tion Ψb(r) (medium inhomogeneity).

F (r, t) is the part of thewave function des-
cribing the behavior of the disturbances
in an initially inhomogeneous BEC.

i
∂F

∂t
+

1

2
∆F + nb

(
1−
∣∣F ∣∣2)F =

= −∇ ln
√
nb ·∇F − ivb ·∇F.

Λs is a characteristic size of the locali-
zation region of the considered distur-
bance initially specified in the form of a
2D dark soliton.
Small parameter: µ=Λs

/
Λb�1.

Schematic representation of propagation of a 2D
dark soliton moving along the trajectory rs(ζ) in
a smoothly inhomogeneous BEC.
Here, ζ0 and η0 are the unit vectors of the tangent
and the normal to the propagation path rs(ζ).

rs(ζ )

x

y
η0

ζ0

,
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r=rs(ζ) + η η0(ζ). ξ=ζ − ζs(t). ss(t)=

∫ t

0

vs(t)dt.

Here, ζ is the arc length; η is the distance along the
normal dropped on the curve rs(ζ); ξ is the coor-
dinate, which accompanies the localized solitonic
formationmoving along the trajectory rs(ζ); ss(t) is

rs(ζ)

x

y

η

η ̄

ξ

 ̄ξ

)
α

vb

vs

u

η0
ζ0

∗
o

the position of the center of the soliton on the curve rs(ζ); vs(t) is the velocity of
the 2D dark soliton.
I We passed to the orthogonal curvilinear coordinates ξ, η.
Lamé coefficients: hξ=(1−κη), hη=1, where κ(s) is the curvature of the line rs(ζ).

I We used the assumption that the characteristic variation scale Λb of the function
Ψb(r) significantly exceeds the sizes Λs of the localization region of the solitonic
formation. We expanded the functions nb(r), vbξ(r) and vbη(r) near the center of
the soliton formation into the Taylor series.

I The solution of the equation for the function F
(
ξ, η, t

)
near the curve rs(ζ) can

be represented as an asymptotic series of the small parameter µ:
F
(
ξ, η, t

)
= µ0F0

(
ξ, η, vs(µt)

)
+ µ1F1

(
ξ, η, µt

)
+ . . . .

I We rotated the coordinates ξ, η by α(µt)=arctan
[
−vbη,0

/(
vs(µt)− vbξ,0

)]
and

multiplied themby√nb,0: ξ̄=
√
nb,0

(
ξ cosα+ η sinα

)
, η̄=

√
nb,0

(
η cosα− ξ sinα

)
.
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I In the zero order of smallness we obtained the equation for the function F0,
which is reduced to a stationary GP equation with a solution in the form of 2D
dark soliton.

µ0: −iū∂F0

∂ξ̄
+

1

2

∂2F0

∂ξ̄2
+

1

2

∂2F0

∂η̄2
+
(

1−
∣∣F0

∣∣2)F0 = 0.

u=vs−vb, v̄= |u|
/√
nb,0, F0

(
ξ̄, η̄, v̄

)
≡ Ψs

(
ξ̄, η̄, v̄

)
.

I In the first order of smallness in µ, for the function F1 we obtained the linear
inhomogeneous differential equation in terms of the new variables ξ̄ and η̄.

µ1: −iv̄ ∂F1

∂ξ̄
+

1

2

∂2F1

∂ξ̄2
+

1

2

∂2F1

∂η̄2
+
(

1−2
∣∣F0

∣∣2)F1 − F 2
0F
∗
1 = R.

The conditions for the existence of localized solutions in the equation for the
function F1 are the fulfillment of the following equalities:

Re

 +∞∫
−∞

dη̄

+∞∫
−∞

dξ̄R ∂F ∗0
∂χ1(2)

= 0, χ1 ≡ ξ̄, χ2 ≡ η̄.

These relations for the complex equation for the function F1 essentially counter-
parts of the Fredholm theorem on alternative.

,
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Propagation of vortex pairs in an inhomogeneous
BEC formed under the action of a trap potential

[1] Smirnov L.A., Mironov V.A. JETP Letters. 2012. V. 95, no. 11. Pp. 549 – 554.
[2] Smirnov L.A., Mironov V.A. Phys. Rev. A. 2012. V. 85, no. 5. Pp. 053620 (12).

We developed the method of calculation the trajectories, along which 2D dark
solitons move in a smoothly inhomogeneous BEC without flow.
We described and explained the structural changes in the 2D dark solitons.

The comparisons of the results of numerical simulation of the dynamics of 2D
dark solitons directly within GP equation with the results obtained by using the
developed asymptotic theory confirmed the validity of the proposed method of
describing the behavior of such solitons in a smoothly inhomogeneous BEC. ,
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Geometric optics for the scattering process of
vortex-antivortex pairs by a single quantum vortex
I We assumed, the background velocity field vb(r) is equal the velocity in a
homogeneous BEC around a single stationary quantum vortex:

vb =
(
1
/
r
)
ϕ0.

I When rs�Λs, the 2d dark soliton velocity vs(µt) is significantly larger than
local values of components of the flow created by isolated topological defect.∣∣vbξ,0/vs∣∣∼µ, ∣∣vbη,0/vs∣∣∼µ.
I We took into account the smallness of α ≈ vbη,0

/
vs ∼ µ and κ ∼ µ2.

I At sufficiently large distances r�1 from the core of a quantum vortex the flow
velocity vb(r) satisfies conditions div(vb)= 0 and rot(vb)= 0, and the density
nb(r) of the background condensate is determined by the following expressions:

nv≈1−
(
v2
vξ+v2

vη

)/
2.

I We introduced the normalized momentum P̄(v̄) and the normalized energy Ē(ū)
of a 2D dark soliton.
(∗) The quantities P̄ = P̄(v̄) and Ē = Ē(v̄) at each moment of time t are the
corresponding characteristics of a 2D dark soliton propagating with the velocity
v̄(t) for a given value of v̄ in a homogeneous condensate of unit density. ,
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Dependence of the normalized energy of a 2D dark soliton
on its position along the propagation path

Re

 +∞∫
−∞

dη̄

+∞∫
−∞

dξ̄R∂F
∗
0

∂ξ̄

=0. ⇒ Ē(ζs) = Ēo +
[
vbξ(rs(ζs))− vbξ(rs(0))

]
P̄o.

Here, Ēo, P̄o and v̄o are the initial values of the normalized energy, normalized
energy and normalized velocity of the 2D dark soliton, respectively.
Moreover, the normalized momentum P̄ and the normalized velocity v̄ are single-
valued functions of the normalized energy Ē , and for the dependence P̄

(
Ē
)
we

have an analytical approximation.

Relationship for the curvature
of the 2D dark soliton trajectory

Re

 +∞∫
−∞

dη̄

+∞∫
−∞

dξ̄R∂F
∗
0

∂η̄

=0. ⇒ κ(ζs) =
1

2

∂

∂η

(
C1
v2
b ξ

v̄2
o

+ C2
v2
b η

v̄2
o

)∣∣∣∣
r=rs(ζs)

.

Coefficients C1 and C2 are constant along the 2d dark soliton trajectory:

C1 = 1 +
Ēov̄o
P̄o
− v̄2

o

2
, C2 = 1 + C1 − P̄o

dv̄

dĒ

∣∣∣∣
Ē=Ēo

.
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Equation of the 2D dark soliton trajectory
The expression for the curvature κ(ζ) uniquely
specify on the plane x, y the trajectory rs(ζ),
along which the 2D dark soliton moves.

drs
dζ

=ζ0(ζ),
dζ0

dζ
=κ(ζ)η0(ζ).

We introduced, instead of the arc length ζ, a new
variable τ , and, instead of the unit vectors ζ0(s)
of the tangent to the curve rs(ζ), a new vector p.

dτ=dζ
/
ν(rs(ζ)).

p = ν(rs) ζ0.

Refractive index: ν2(r) = exp

C1(p·vb(r)

|p|

)2

+ C2

(
[ z0×p ]·vb(r)

|p|

)2
.

Equation of the propagation path:

drs
dτ

= p,
dp

dτ
=

1

2
∇
[
ν2(r)

]∣∣∣∣
r=rs

.
rs(τ=0) = rs(0),

p(τ=0) = ν(rs(0)) ζ0(0).

We assumed that at t=0 a 2D dark soliton is situated in the point with coordinates
xo, yo and has velocity parallel x-axis.

d2ys
dx2

s

= −
ys
(
(2C2 − C1)x2

s + C1y2
s

)
v̄2
o (x2

s + y2
s)

3 . βR = −π(C1 + C2)

4v̄2
oy

2
o

. σR =

√
π(C1 + C2)

4v̄oβ
3/2
R

.
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Numerical simulation within the framework of GP equation

xo=−25.6, yo=12.8, v̄o=0.4. xo=−25.6, yo=−14.2, v̄o=0.4.

The movies clearly demonstrate that the vortex pairs move along the paths, which
are calculated using the geometro-optical equation for the trajectory of a 2d dark
soliton. Besides, the vortex-antivortex pairs turn with respect to the propagation
path by the small angle α(µt) in a good agreement with the developed theory. ,
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xo=−25.6, yo=9.6, v̄o=0.3. xo=−25.6, yo=3.2, v̄o=0.5.

At the chosen parameters the vortex-antivortex pairs approache close to the point,
where the initially isolated vortex was located, and this violates the applicability
conditions for our theory. Then, a complicated dynamics of three topological
defects is observed. As a result, the vortex center of the colliding vortex pair
becomes the isolated phase singularity. Moreover, its antivortex and initially single
vortex form a new 2D dark soliton. ,
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xo=−25.6, yo=−6.4, v̄o=0.5. xo=−25.6, yo=−4.8, v̄o=0.3.

At the chosen parameters the sound wave radiation breaks the validity of the
developed asymptotic theory for the dynamics of a 2D dark soliton.

,
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Conclusions

1) We have studied the scattering of a vortex-antivortex pairs by a single quantum
vortex is investigated in a Bose-Einstein condensate with repulsive interaction
between atoms.

2) We have developed an asymptotic theory, describing the dynamics of vortex
pairs in an inhomogeneous flow created by a topological defect in an ultracold
Bose gas.

3) In the limit of large impact parameters, we have found an analytical expression
for the angle of scattering of a vortex-antivortex pair by a single phase singularity.

4) All theoretical constructs have been confirmed by numerical calculations per-
formed directly within the framework of the Gross-Pitaevskii equation.

5) By numerical simulations, we have shown that in collisions, when the asymptotic
theory breaks down, interaction of vortex pairs with the vortex can be accom-
panied with an exchange of phase singularities and sound waves radiation.

,
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