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MEAN-FIELD APPROXIMATION.
BAsic EQUATION OF BEC DYNAMICS

GROSS-PITAEVSKII (GP) EQUATION:

m%—\f = —;Z;A\Il + g|\If|2\IJ + Vet (r, 1) ¥
Here, W(r,t)=|¥(r,t)|exp(id(r,t)) is the classical wave function;
n(r,t)= ‘\I/(r,t)]2
v(r,t)=h/mVJ(r,t) is the velocity field in the BEC;

g=4nh?a, / my is the interaction coupling constant;

is the density of condensate atoms;

as is the s-wave scattering length; my is the atomic mass.
EXTERNAL-FORCE POTENTIAL:
|Vext(r7 t) - Vtrap(r) + Vpb(ra t)7 |

where Vipqp(r)=my (wixz +wzy2 +w322) /2 is the confining trap potential,

Vpo(r,t) is the nonstationary potential barrier.

Characteristic scales for the BEC wave function:

Ay = 1/h/mbw$, Gy = ,/h/mbwy, a, = ,/h/mbwz.
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° for repulsive interactions between atoms.

a,<Lap=/ ﬁQ/mbgno Ly, Ay = Phoo(z)= (7m§)71/4 exp(—zQ/Qag).

e We restricted our consideration to the 2D problem: r = (z,y).
Dimensionless variables: 1’ = r/ro, t' = t/to, v = v/cs.

= Wexp(—it') /\/io,  Vie=Vewt/82qno0-
rog = h/m is the healing length; to= ro/cs = h/denO;
Cs = \/W is the sound velocity; gzd:g/\/ﬂaz.

NONLINEAR SCHRODINGER (NLS) EQUATION:

v ;
igy T A\Il+ (1 - )\Il = Vet (1, 1) 0.

Madelung transform:  U(r,t) = ¢(r,t)exp (i0(r, 1)) .
System of hydrodynamic equations for a compressible inviscid liquid:
? 26 1 A

2_ 2 [y
ot E‘*‘i(va) =1-9"+ ’L/)“l“/emt( t).

+ div(¥°V6) =0
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2D DARK SOLITONS IN A HOMOGENEOUS BEC

The GP equation without V,,:(r,t) has a single-parameter family of solutions in
the form of 2D dark solitons moving at a constant velocity v.

Viar (1, 8) =0, W, =W, (£, y,7), \IJ( §2+y2%oo)%1, £=z—0t, T=const.

0% 19T 1070,
ot 208 " 2702

The properties of the 2D dark solitons were studied in detail in the references:

+ (1= v ?)w, = 0.

[1] Jones C.A., Roberts H. Motions in a Bose condensate. IV. Axisymmetric
solitary waves. // J. Phys. A: Math. Gen. 1982. V. 15, no. 8. Pp. 2599 —-2619.
[2] Jones C. A., Putterman S., Roberts H. Motions in a Bose condensate. V. Stabi-
lity of solitary wave solutions of nonlinear Schrédinger equations in two and
three dimensions. // J. Phys. A: Math. Gen. 1986. V. 19, no. 15. Pp. 2991 -3011.
[3] Kuznetsov E. A., Rasmussen J.J. Instability of two-dimensional solitons and
vortices in defocusing media. // Phys. Rev. E. 1995. V.51, no. 5. Pp. 4479 —4484.
[4] Berloff N. G. Padé approximations of solitary wave solutions of the Gross-
Pitaevskii equation. // J. Phys. A: Math. Gen. 2004. V.37, no. 5. Pp. 1617—-1632.
[5] Tsuchiya S., Dalfovo F., Pitaevskii L. P. Solitons in two-dimensional Bose-
Einstein condensates. // Phys. Rev. A. 2008. V. 77, no. 4. Pp. 045601 (4).
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The velocity v plays the role of the problem parameter. Depending on its value,
2D dark solitons can be vortex and vortex-free.
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In the limit of small velocities ¥ (|o] < 1) a soliton is a vortex pair, whose momentum
P are related with its energy € as for a pair of point vortices. P~ 2 exp (5 / 27r)

VORTEX-FREE 2D DARK SOLITONS (7,.=0.61<7<1)
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In the limit of transonic velocities o (1—|v| < 1) a 2D dark soliton coincides with

known solution of the Kadomtsev-Petviashvili (KP) equation. P~ &—3E3/12872
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o VARIATION PROBLEM: §(H—vP;) =0
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ASYMPTOTIC DESCRIPTION OF THE DYNAMICS OF 2D DARK
SOLITONS IN A SMOOTHLY INHOMOGENEOUS BEC

|\I/(rt

= Uy(r) F(r, 1) |

Wy (r) =1 (r) exp[6,(r)] is the undistur-
bed part of the wave function, whose
structure is considered known and which
satisfies the stationary GP equation.

1 2
AT+ (1= |0|*) Wy = Vear (1) W, = 0.

Here, n(r) = [0 (r)|* and vy, (r) = V6, (r)
are the density distribution and the flow
velocity of background BEC, for examp-
le, formed under the action of V.(r).
Ay isa characteristic scale of the func-
tion ¥y(r) (medium inhomogeneity).

F(r,t)isthe part of the wave function des-
cribing the behavior of the disturbances

in an initially inhomogeneous BEC.
oF
is+ AF+nb( ~|F|*)F =

= —Viny/ny -VF —ivy,-VF.
A, is a characteristic size of the locali-
zation region of the considered distur-
bance initially specified in the form of a
2D dark soliton.

Small parameter: [p= As/Ab < 1.

Schematic representation of propagation of a 2D
dark soliton moving along the trajectory ry(¢) in |y &

a smoothly inhomogeneous BEC.

Here, (g and 7g are the unit vectors of the tangent
and the normal to the propagation path rs((). 5

rs(¢)
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t

r=ra(Q) £ amo(Q). E=C — Golt). sslt)= / oa(t)dt.

Here, ( is the arc length; n is the distance alongthe Y
normal dropped on the curve rq(¢); & is the coor-
dinate, which accompanies the localized solitonic
formation moving along the trajectory rs(¢); ss(t)is
the position of the center of the soliton on the curve rg(¢); vs(t) is the velocity of
the 2D dark soliton.

» We passed to the orthogonal curvilinear coordinates &, 7.

Lamé coefficients: he = (1—£n), hy, =1, where (s) is the curvature of the liner,(¢).

» We used the assumption that the characteristic variation scale A of the function
U, (r) significantly exceeds the sizes A of the localization region of the solitonic
formation. We expanded the functions n(r), vpe(r) and vy, (r) near the center of
the soliton formation into the Taylor series.

» The solution of the equation for the function F' (§ 27, t) near the curve rg(¢) can
be represented as an asymptotic series of the small parameter u:

F(&n,t) = uFo(&m,vs(put)) + ' Fi(§,m, pmt) + ...
» We rotated the coordinates &, n by a(ut) =arctan|[—uvy,, o/ (vs(pt) — vpe o)] and
multiplied them by /7 o: E=, /M0 (5 cos v + 1 sin a), N=1/Tb0 (17 cosa — £ sin oz).
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» In the zero order of smallness we obtained the equation for the function Fy,
which is reduced to a stationary GP equation with a solution in the form of 2D
dark soliton.

0 _OFy 10°F, 10%°F ( ‘F’2>
—|£0

=0.

o i — iU —=

26 202 2o

u=v,—v,, v=ul/\/ipo, Fo( 7,9) E‘I’s(5>ﬁ,@)~|

» In the first order of smallness in y, for the function F; we obtained the linear
inhomogeneous differential equation in terms of the new variables £ and 7.

1 _OFy  10%F  10°Fy
o ut: —iU—=

2 202 "2

+(1-2|R|*) Py - FEFr = R.

The conditions for the existence of localized solutions in the equation for the
function Fj are the fulfillment of the following equalities:

+oo 400 oOF
/dﬁ/déRa =0, x1=§  xe
K o X1(2)

These relations for the complex equation for the function F} essentially counter-
parts of the Fredholm theorem on alternative.

7.
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PROPAGATION OF VORTEX PAIRS IN AN INHOMOGENEOUS

BEC FORMED UNDER THE ACTION OF A TRAP POTENTIAL
[1] Smirnov L. A., Mironov V. A. JETP Letters. 2012. V. 95, no. 11. Pp. 549—554.

[2] Smirnov L. A., Mironov V. A. Phys. Rev. A. 2012. V. 85, no. 5. Pp. 053620 (12).

@ We developed the method of calculation the trajectories, along which 2D dark
solitons move in a smoothly inhomogeneous BEC without flow.

@ We described and explained the structural changes in the 2D dark solitons.

The comparisons of the results of numerical simulation of the dynamics of 2D
dark solitons directly within GP equation with the results obtained by using the
developed asymptotic theory confirmed the validity of the proposed method of

describing the behavior of such solitons in a smoothly inhomogeneous BEC.
Dynamics of 2D dark solitons in a smoothly inhomogeneous flow of BEC
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(GEOMETRIC OPTICS FOR THE SCATTERING PROCESS OF
VORTEX-ANTIVORTEX PAIRS BY A SINGLE QUANTUM VORTEX

» We assumed, the background velocity field v;(r) is equal the velocity in a
homogeneous BEC around a single stationary quantum vortex:

vy = (1/r)<p0.

» When r¢ > A, the 2d dark soliton velocity vs(ut) is significantly larger than
local values of components of the flow created by isolated topological defect.

‘Ubﬁ,O/US‘NMa ‘Ubn,O/US‘NM'

» We took into account the smallness of a = vy,0 / vs ~pu and K~ p?.

» At sufficiently large distances r>>1 from the core of a quantum vortex the flow
velocity v(r) satisfies conditions div(vy)=0 and rot(vy)= 0, and the density
ny(r) of the background condensate is determined by the following expressions:

ny=1— (v +op, ) /2.

» We introduced the normalized momentum 7P (%) and the normalized energy & ()
of a 2D dark soliton.

® The quantities P = P(v) and £ = £(v) at each moment of time ¢ are the
corresponding characteristics of a 2D dark soliton propagating with the velocity
o(t) for a given value of ¥ in a homogeneous condensate of unit density.
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DEPENDENCE OF THE NORMALIZED ENERGY OF A 2D DARK SOLITON
ON ITS POSITION ALONG THE PROPAGATION PATH

+oo 4o

Jan

—00 —O0

=0. = |&(C) =&, + [vbg(rs(ﬁs)) - ubg(rs(o»}n.

Here, &,, P, and v, are the initial values of the normalized energy, normalized
energy and normalized velocity of the 2D dark soliton, respectively.

Moreover, the normalized momentum P and the normalized velocity v are single-
valued functions of the normalized energy &£, and for the dependence P( ) we
have an analytical approximation.

v

RELATIONSHIP FOR THE CURVATURE
OF THE 2D DARK SOLITON TRAJECTORY

bl OF; 10 vg
_ = [ 3 b
/dn o7 =0. = |k(¢) == 25 (Clg +C2U2n>

r=rs (Cs)

Coeflicients C; and Cq are constant along the 2d dark soliton trajectory:
g() _O v2 ~ d_
G=1+22_To  ¢=14C —Pors
) 2 d€ B=F
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EQUATION OF THE 2D DARK SOLITON TRAJECTORY

The expression for the curvature x(¢) uniquely dr dc
specify on the plane z, y the trajectory rs(¢), d(s =¢o(0), d—g):/f(C) 10(C)-
along which the 2D dark soliton moves.
We introduced, instead of the arc length (, a new dT:dC/y(r ©))
variable 7, and, instead of the unit vectors {o(s) S
of the tangent to the curve ry(¢), a new vector p. p = v(rs) Co-
2 2

REFRACTIVE INDEX: |v%(r) = exp Cl<p~rb|(r)> (&5 (W) :

p p

EQUATION OF THE PROPAGATION PATH:

dr, d 1
r, dp 1o

. rs(7=0) = r,(0),
=Py, P(TIO) = Z/(I‘s (O)) <0 (0)

We assumed that at t=0 a 2D dark soliton is situated in the point with coordinates
Zo, Yo and has velocity parallel z-axis.

dr b, dr 2 [VZ(r)]

Py, ys((26: = C)ad + Cry2) gy _TCHC) | (€1 +Co)
da3 2@2+yd)® |7 4l w.8%°

4
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NUMERICAL SIMULATION WITHIN THE FRAMEWORK OF GP EQUATION |

To=—25.6, yo=12.8, 7,=0.4. To=—25.6, yo=—14.2, 5,=0.4.

The movies clearly demonstrate that the vortex pairs move along the paths, which
are calculated using the geometro-optical equation for the trajectory of a 2d dark
soliton. Besides, the vortex-antivortex pairs turn with respect to the propagation
path by the small angle a(ut) in a good agreement with the developed theory.
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ro=—25.6, ¥,=9.6, 1,=0.3. To=—25.6, ¥,=3.2, 1,=0.5.

At the chosen parameters the vortex-antivortex pairs approache close to the point,
where the initially isolated vortex was located, and this violates the applicability
conditions for our theory. Then, a complicated dynamics of three topological
defects is observed. As a result, the vortex center of the colliding vortex pair
becomes the isolated phase singularity. Moreover, its antivortex and initially single
vortex form a new 2D dark soliton.
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To=—25.6, yo=—6.4, 1,=0.5. To=—25.6, yo=—4.8, 1,=0.3.

At the chosen parameters the sound wave radiation breaks the validity of the
developed asymptotic theory for the dynamics of a 2D dark soliton.
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CONCLUSIONS

1) We have studied the scattering of a vortex-antivortex pairs by a single quantum
vortex is investigated in a Bose-Einstein condensate with repulsive interaction
between atoms.

2) We have developed an asymptotic theory, describing the dynamics of vortex
pairs in an inhomogeneous flow created by a topological defect in an ultracold
Bose gas.

3) In the limit of large impact parameters, we have found an analytical expression
for the angle of scattering of a vortex-antivortex pair by a single phase singularity.

4) All theoretical constructs have been confirmed by numerical calculations per-
formed directly within the framework of the Gross-Pitaevskii equation.

5) By numerical simulations, we have shown that in collisions, when the asymptotic
theory breaks down, interaction of vortex pairs with the vortex can be accom-
panied with an exchange of phase singularities and sound waves radiation.
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