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1.ScalarfieldsintheFriedmann-Robertson-WalkerUniverse

Considerascalarfieldφ(t,r)governedbythenonlinearKGequation

φtt+3Hφt−a
−2

∆φ+U
′
(φ)=0,

whereH=at/a–Hubbleparameter,a(t)–scalefactoroftheFRW
metric

ds
2

=dt
2
−a

2
(t)[dr

2
+r

2
(dϑ

2
+sin

2
ϑdϕ

2
)].

Homogeneousinflatonscalarfieldφ(t)satisfies

φtt+3Hφt+U
′
(φ)=0.

Friedmannequations

att

a
=−

4πG

3
(ρ+3p),

(

at

a

)

2

=
8πG

3
ρ,

where
ρ=φ

2
t/2+U(φ),p=φ

2
t/2−U(φ).

Continuityequation

ρt=−3H(ρ+p).
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2.Equationofstateandinflation

IngeneraltheFriedmannequationsmustbesupplementedby

p=p(ρ)

Fromtheequationatt

a
=−

4πG

3
(ρ+3p)

itfollowsthat
acceleration,ifw=

p(ρ)

ρ
<−

1

3

deceleration,ifw=
p(ρ)

ρ
>−

1

3
Inflationcausedbyascalarfield

−1<w=
φ

2
t/2−U(φ)

φ2
t/2+U(φ)

61foranyU(φ)>0

a)Slow-rollinflation(Albrecht&Steinhardt1982,Linde1982,1983)

φ
2
t�U(φ),w≈−1

b)Oscillation-driveninflation(Turner1983,Damour&Mukhanov1998)

φ2
t∼U(φ)

0-2



3.Dynamicsofthescalarfieldoscillations

Thefieldequationcanbewrittenas

φtt+2
√

3πG(φ
2
t+2U(φ))

1/2
φt+U

′
(φ)=0.

Transitiontothenewindependentvariables(φ,φt)→(ρ,θ):

φ=ϕ(ρ,θ),

φt=ω(ρ)ϕθ(ρ,θ),

whereϕ(ρ,θ)isa2π-periodicsolutionoftheequation

1

2
ω

2
(ρ)ϕ

2
θ+U(ϕ)=ρ,

andthefunctionω(ρ)isgivenby

ω
−1

(ρ)=
1

π
√

2

∫

ϕmax(ρ)

ϕmin(ρ)

dϕ
√

ρ−U(ϕ)
.

Compatibilityconditionis

ϕρρt+ϕθθt=ωϕθ.
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Asaresultweobtain

ρt=−2
√

6πGρ
1/2
ω

2
(ρ)ϕ

2
θ,

θt=ω(ρ)+2
√

6πGρ
1/2
ω

2
(ρ)ϕρϕθ.

Averagingρ+p=ω
2
ϕ

2
θover(0,2π)givestheTurner’sformula

w(ρ)=p/ρ=γ(ρ)−1,

γ(ρ)=

√
2ω(ρ)

πρ

∫

ϕmax(ρ)

ϕmin(ρ)

√

ρ−U(ϕ)dϕ.

Allaboveformulasareexactones.

Forε∼H/ω�1thegeneralizedaveragingmethodcanbeused,in
whichρ,θ→ρ,θ.Inthelowestorderρ=ρ+O(ε),θ=θ+O(ε),that
correspondstotheVanderPolapproximation:

ρt=−3Hργ(ρ),

θt=ω(ρ),

whereH/ω∼ε�1.
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Logarithmicpotential

U(φ)=
m

2

2
φ

2

(

1−ln
φ

2

σ2

)

exm

�

�

�exm

����

�
��

�	��




ω/m'Ω
(

1−0.31Ω
−2

−0.09Ω
−4

+O(Ω
−6

)
)

,

γ'1−0.5Ω
−2

−0.06Ω
−4

+O(Ω
−6

)(ρ/ρexm�1),

ρ/ρexm=Ω
2
exp(1−Ω

2
),Ω

2
=1−ln(φmax/φexm)

2
,ρexm=m

2
σ

2
/2,φexm=σ.
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Fractional-powerpotential

U(φ)=−
m

2

2
φ

2
+

3λ

4
φ

4/3

exm

�

�

�exm

����

�
��

�	��




ω/m'1.07δ
−1/3

(1−0.44δ
2/3

−0.1δ
4/3

+O(δ
2
)),

γ'(4/5)(1−0.17δ
2/3

−0.12δ
4/3

+O(δ
2
))(ρ/ρexm�1),

ρ/ρexm=−2δ
2

+3δ
4/3
,δ=φmax/φexm,ρexm=λ

3
/(4m

4
),φexm=λ

3/2
/m

3
.
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4.Instabilityofthescalarfieldoscillations

φtt+3Hφt−a
−2

∆φ+U
′
(φ)=0.

Considersmallperturbationsaroundspatiallyuniformoscillations,

φ(t,r)=φ(t)+δφ(t,r),|δφ|�|φ|,δφ(t,r)=

∫

A(t,k)e
ikr
dk,

Att+3HAt+
[

(k/a)
2

+U
′′
(φ(t))

]

A=0.

SettingA=a
−3/2

ω
−1/2

Y(θ,k),φ(t)=ϕ(ρ,θ),θt=ω(ρ),ρt∝H/ω∼ε,
wearriveattheHillequationwithaslowlyvaryingparameterρ,

d
2
Y/dθ

2
+h(ρ,θ)Y=0,

h(ρ,θ)=ω
−2

(ρ)
[

(k/a)
2

+U
′′
(ϕ(ρ,θ))

]

.

Herethefunctionϕ(ρ,θ)is2π-periodicsolutionoftheequation

ω
2
(ρ)(∂

2
ϕ/∂θ

2
)+U

′
(ϕ)=0,

thedependencea(ρ)andslowevolutionofρ(θ)aredeterminedby

aρ/a=−(3ργ(ρ))
−1
,ρθ=−3(H/ω)ργ(ρ).
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Weseekresonantsolutionintheform

Y(θ)=ψ(ρ,θ)e
ξ(θ)

,

ψ=ψ0(ρ,θ)+εψ1(ρ,θ)+ε
2
ψ2(ρ,θ)+...,ξθ=M0(ρ)+εM1(ρ)+ε

2
M2(ρ)+...,

whereψn(ρ,θ+2π)=ψn(ρ,θ).Substitutiongives
[

(∂/∂θ±M0(ρ))
2

+h(ρ,θ)
]

ψn(ρ,θ)=Fn(ρ,θ),

whereF0=0,andthefunctionsFnwithn>1are2π-periodicinθ.
Settingψn(ρ,θ)=Xn(ρ,θ)e

−M0(ρ)θ
wearriveat

∂
2
Xn/∂θ

2
+h(ρ,θ)Xn=Fn(ρ,θ)e

M0(ρ)θ
,

whereρisjustaparameter.Withn=0wehavethestandardHill
equation

∂
2
X0/∂θ

2
+h(ρ,θ)X0=0,

sothatM0(ρ)istheFloquetexponent.Thus,inthelowestapproxima-
tion

Y(θ)≈ψ0(ρ(θ),θ)e�(M0+εM1)dθ
=ψ0(ρ(t),θ(t))e�(µ+∆µ)dt

,

whereµ=M0(ρ)ω(ρ),∆µ=εM1(ρ)ω(ρ)=
3
4Hργ(ρ)

d
dρlnW

2
0.
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5.SingularHillequationandgeneralized
Lindemann-Stieltjesmethod.

ThusweshouldconsidertheHillequationoftheform

Xtt+h(z(t))X=0,

wherez(t)isunboundedτ-periodicfunctionsatisfyingz
2
t=g(z).

X
+
(t)=ψ(t)e

µt
,X

−
(t)=ψ(−t)e

−µt

ThemethodConsiderz(t)asanew”time”variable,t→z(t).
ThenX

±
(t)=y1,2(z),andw(z)=y1y2=X

+
X

−
=ψ(t)ψ(−t)satisfies

g(z)w
′′′

+(3/2)g
′
(z)w

′′
+[(1/2)g

′′
(z)+4h(z)]w

′
+2h

′
(z)w=0.

Letζ6z(t)<∞,i.e,theturningpointsareζ1=ζ,ζ2=∞.Thenthe
boundaryconditionsare

w(ζ)=1,w
′
(ζ)=w1,w

′′
(ζ)=−

4h
′
(ζ)+[g

′′
(ζ)+8h(ζ)]w1

3g
′
(ζ)

;(w
′√g)

z→∞→0.

Withw(z)theFloquetexponentµisgivenby

µ=

∣

∣

∣

∣

W

τ

∫

∞

ζ

dz

w√g

∣

∣

∣

∣,W
2

=−4h(ζ)−g
′
(ζ)w1>0.
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Logarithmicpotential

U(φ)=
m

2

2
φ

2

(

1−ln
φ

2

σ2

)

Inthiscase,afterrescalingθ/ω→t/m,weset

z(t)=−ln(φ/φmax)
2
,h(z)=m

−2
(k/a)

2
−3+Ω

2
+z,g(z)=4[Ω

2
(e

z
−1)−z],

whereΩ
2

=1−ln(φmax/σ)
2
.Since06z<∞,theturningpointsare

ζ1=0,ζ2=∞.
Thefunctionw(z)satisfies

2[Ω
2
(e

z
−1)−z]w

′′′
+3(Ω

2
e
z
−1)w

′′
+[Ω

2
(e

z
+2)+2z+2m

−2
(k/a)

2
−6]w

′
+w=0,

withtheboundaryconditions

w(0)=1,w
′
(0)=w1,w

′′
(0)=−

1+[2m
−2

(k/a)
2

+3Ω
2
−6]w1

3(Ω2−1)
;(w

′√g)
z→∞→0.

Floquetexponentisµ/m,M0=µ/ω,

µ

(

(k/a)
2

m2,

(

φmax

φexm

)

2
)

=
ω

π

∣

∣

∣

∣W

∫

∞

0

dz

w√g

∣

∣

∣

∣,W
2
=4

[

3−Ω
2
−

(k/a)
2

m2−(Ω
2
−1)w1

]

.
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Stability-instabilitychart

max �

�

exm �

(

k

a

)

2

't→∞
const

(

φmax

φexm

)

4/3

,A(t,k)∼a
−3/2

ω
−1/2

exp

∫

(µ+∆µ)dt.
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φtt+3Hφt−a
−2

∆φ+U
′
(φ)=0,

U(φ)=
m

2

2
φ

2

(

1−ln
φ

2

σ2

)

.

Notcountingthecosmologicalexpansion,H≈0,a≈const,theequa-
tion

φtt−a
−2

∆φ−m
2
φln(φ/σ)

2
=0

hastheexactpulsonsolution

φ(t,r)=Φ(t)e
−(r/r0)

2

,

thatisperiodicintimeandlocalizedinspacewiththecharacteristic
scaler0=

√
2(am)

−1
.Thecorrespondingwavenumberk∼am,just

righttohave
(k/a)

2

m2∼1.

Theoscillatingfielddecaysintothepulsons!
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Fractional-powerpotential

U(φ)=−
m

2

2
φ

2
+

3λ

4
φ

4/3

Inthiscase,afterrescalingθ/ω→t/m,

z(t)=(φ/φmax)
−2/3

,h(z)=m
−2

(k/a)
2
−1+(β/3)z,

g(z)=(4/9)z
2
(z−1)

[

(3β/2−1)z
2

+(3β/2−1)z−1
]

,

whereβ=(φmax/φexm)
−2/3

>1.Turningpoints:ζ1=1,ζ2=∞.
Thefunctionw(z)satisfies

2z
2
(z−1)[(3β−2)(z+1)z−2]w

′′′
+3z[5(3β−2)z

3
−9βz+4]w

′′

+[20(3β−2)z
3
−6βz+36m

−2
(k/a)

2
−32]w

′
+6βw=0,

w(1)=1,w
′
(1)=w1,w

′′
(1)=−

β/3+[2m
−2

(k/a)
2

+3β−4]w1

β−1
;(w

′√g)
z→∞→0.

Asaresult,M0=µ/ω,

µ

(

(k/a)
2

m2,

(

φmax

φexm

)

2
)

=
ω

π

∣

∣

∣

∣W

∫

∞

1

dz

w√g

∣

∣

∣

∣,W
2
=

4

3

[

3−β−3
(k/a)

2

m2−(β−1)w1

]

.
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Stability-instabilitychart

�

max �exm �

(

k

a

)

2

't→∞
const

(

φmax

φexm

)

10/9

,A(t,k)∼a
−3/2

ω
−1/2

exp

∫

(µ+∆µ)dt.
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Thankyouforattention!
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