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Multisoliton solutions of the KPII equation: (u;, — 6ut,, + Uy 4 0 ), oty

are known to be parametrized by means of totally nonnegative matrices
Notation. Lax operator

L(z,0,)=—0,,+ 851 — u(x)
Jost solutions of £ and its dual £
Lo(x,\) =0, L'z, \) =0, AeC
are normalized by condition

lim e "M o(z, \) = lim e Nz, \) = 1

A—00 A—00

where
g()\)l’ =N —|—)\2$2 —|—)\3$3—|— .



Cauchy—Jost function (Cauchy—Baker—Akhiezer kernel, see Grinevich-Orlov, 1997)

1s defined as
]

F(:C7 )\7 )\l) - / dylw(ya )‘) Sp(ya )‘l)a Yi = Xy, 1 > 2
()‘_X>Reoo

where factor (A — \')ge in the limit of the integral denotes sign of infinity. Just by
definition we have that F' has pole with unity residual at A" = A

Flz, A\ N) = +O0(1), N~

A=)\
and obey asymptotic relations

lim e ‘7N Fa, M N) =z, )),  lim e Az, A N) = — oz, X)

N =00 A—00

In the case where Hirota bilinear identity is valid we have that

271

d)\/,
f F(x7 )\7 )\/l)F<y7 )\/l7 )\/) - F(y7 >\7 )\/) T F(x7 )\7 )\/)
C

for A and \ inside the contour C.
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/!
f I o X N E(y, N, X)) = Fly, A\ N) — Fla, A, X)
C

for A" and \ inside the contour C. In solitonic case we prove also that

2
Oy, Fx, A\, X) = —jl{ A

C 27TZ

Fa, NN F(z, NN, k=0,1,...



(N4, Np)-soliton solutions are given in terms of the tau-function:
u(z) = =202 log T(z) = =20, log 7'(z)

i.e., in terms of determinants

N
7(z) = det(Ve" D), 7'(x) =det (D'e"yV'), 7(x)= const (H eénl’) T (x
n=1

By means of the Binet—Cauchy formula:

T(z) = Z D({n;}) V{{n;}) H elm®

1§n1,...<an§N

where D({n;}), V({n;}) are maximal minors of matrices D and V.



Here N, N, > 1, N = N, + Ny, N' > 2. N real parameters: k; < ky < ... <
Ky, Let (N = Ay + Nay+ ... b= K,T1+ K2T9 + ... and

N x N-matrix : e’ = diag{e"}\_,
real constant N x Ny-matrix D, N, x N -matrixD’, D'D=0

Two incomplete Vandermonde matrices:

1 1
L ... /{{Va_l
V: K1 ... RNn V/: :
o o 1 ... Khet
RNl W
N
VATV =0, A=diag{a, ), an=[[(s—m) a0 =Alk)
n'=1
n'#n

N
A(N) = H()‘ —Kn),

n=1



Jost solutions are renormalized here in order to get

e~ "N 5(2, \) polynomial in A: e " NT oz, A) = ANV 4
e'N%ap(z, A) polynomial in A: e N¥p(a, N) = ANe

Discrete values of the Jost solutions:

0, (1) = oz, Ky), Up(x) =Y(x, k), n=1,....N.
obey
(e1(@), . sonl@) D=0, D'(u(a),....¢n()) =0
Conditions of analyticity imposed on the Jost solutions are equivalent to relations

(p1(@), ..., op(x))e ATV = (0,. 3 0,1),

VA~ (o (), .. w(x) " = (0,...,0,1) "

Ny

that are defining the Jost solutions themselves.



Cauchy—Jost function.

T
FaaN) = [ dnbu VoY), w=aa...
(A= N)Reoo
This function obeys
E, (x, A N) =9z, A) oz, X),
Fo(@, A N) = (@, \) g, (2, ) =, (2, A) pla, N)

Fla A N) = 120 1 0(1),

N o~
]

MMWWmmwz/@M”W”% %@)ﬁmmmﬂ

()‘_X>Reoo
e (g 3 N — AN = AMAW) ﬁ/: Sn(T)
o N — A (A —Bm) (N —kK,)



Asymptotics for large A and \":

—0(N)x N /
e F(x,\,\) = Y (A—§E K/m)()\ —55 ’fm)—

Values at points k’s:’

, N
) A
o=t (g e N (\) - ay A(N) Z fT’n(x)

S
[]=
3"
Ei
=

! N=Tp (2 X k) = A(N)

are polynomials with the leading behavior:

e(gm_g(A/))$F(x, Ky ) = )\’Nb_lgb(a:, Km)+ .-,
! N=T B (2 X k) = =2V (x, k) F .



Finally,

lim e YDTE (2, Ky, N) = Gnin + Qo frn (@)
N =k,

lim e(g(k)_gn)xF(a:, A, Kn) = Qo fron () ay
A—KEm

Matrix f(x) obeys properties
f(x)e""AD =0, fl)V = —A"te ™)
that are defining this matrix:
flz)= A"V (D e ATV D e
f)A=—-I+e“DVe"D) Y

This proves that — f(x)A is the orthogonal projector: f(x)Af(x) = —f(x). All
standard objects of the the theory can be given in terms of the matrix f(z):

(1(2),. ..,goN( )) = — (k. kA ) A,

(1), .. (@) = (e + e AL (@) (K2, KAE)
u(r) = 2(/4;1 ,...,/@j\vf’)fxl(a:)(mf[“,.. K/]\\;-G)T

By means of the exact formulas for time derivatives of f(x) we have

0, /(@) = —f(@)x" — f@)AR"f(2), & =ding{u,..., )



Analyticity properties of the Cauchy—Jost kernel enables to write:

/!
»%C #A()\”)F(xy )\7 AH)F(y’ )\,/’ )\,) - F(y7 )\7 )‘,) T F(ZC, )‘7 )‘,)

d)\” I
0, F(x, \, N :—%—F NN E@ XY, k=0,1,...
A X) == § o Fle ANV F (XX



Darboux transformation: N, -+ N, + 1, N, — N,
F(x,\, k1) S0, oF (w1, X)
Z.[/\il ’UZF(ZIZ’, R, /{./\/'—I—l) + 1

Correspondingly, this solution is parametrized by the matrices

~

Flz, A N) = (AN—kn41) [F(x, A N) =

0

~ D ~7 D
D(vAD)’ D = o | v=(v,...,0n)

—vA 1

New tau-function is given as

T(z) = 7(x) (Z v F(x, ki, ka41) + 1)
I



Darboux transformation: N, -+ N,, N, =& N, + 1

S uF (@ A k) F (ki N)

~

Flz, \, \) = (N —kpn 1) [F(x, AN
S uF (@, g, ) + 1

Correspondingly, this solution is parametrized by the matrices



